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MATHEMATICAL MODELING
OF AGGLOMERATES EVOLUTION
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1 First Krasnoarmeyskaya Str., St. Petersburg 190005, Russia

The model of evolution of the condensed products as a part of a §ow
of combustion products of solid propellant is developed. The model
includes the description of physical and chemical transformations for
two basic fractions of the condensed products: agglomerates and smoke
oxide particles (SOPs). Model testing is carried out using experimental
data about evolution of the condensed products for two compositions
in the conditions of a one-dimensional §ow. These compositions di¨er
considerably in properties of combustion products at a surface of burning
propellant. The results of testing give the grounds to draw a conclusion
about high enough quality of modeling.

1

INTRODUCTION

The properties of the condensed combustion products (CCP) play a signi¦cant
role at engine functioning. These properties are a consequence of realization
of two processes: process of propellant burning and process of evolution of the
condensed products as a part of a §ow of combustion products of propellant.
The ¦rst process de¦nes characteristics of the condensed products at the surface
of burning propellant and the second ¡ the speci¦ed characteristics during set
of physical and chemical transformations which take place during movement of
particles of the condensed phase.
The condensed products consist of two fractions: agglomerates (coarse fraction of CCP) and SOPs (¦ne fraction of CCP). While the properties of coarse
fraction basically de¦ne character of processes in the combustion chamber (slagformation, interaction of combustion products with motor elements), properties
of ¦ne fraction basically in§uence the losses of a speci¦c impulse and stability
of motor work. Main attention has been drawn on studying of process of agglomerates evolution earlier. In the present work, attention is mainly accented
on studying of SOP evolution as a part of a §ow of combustion products.
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2

EXPERIMENTAL RESEARCH OF EVOLUTION
PROCESS OF THE CONDENSED PRODUCTS
IN A GAS PHASE

The carried out work is based on the results of an experimental research of
evolution of the condensed products depending on time of stay in a gas phase.
The technique of this research is described in [1]. Specimens of propellant are
burnt in a constant volume bomb in the environment of inert gas using special
protective tubes (Fig. 1). The length of these tubes (Ls ) de¦nes time of stay
of the condensed products in the environment of products of combustion not
revolted with external factors.
Collection of all condensed products is carried out at the exit of tube. Further,
the all-round analysis of these products is carried out. The mass fraction of
collected products makes value not less than 95%. The results of the analysis
allow to obtain the following quantitative information:
fm (D) ¡ mass function of agglomerate size distribution density;
fm (d) ¡ mass function of SOP size distribution density;
D43 ¡ mass average diameter of agglomerates;
d43 ¡ mass average diameter of SOPs;
Zm ¡ fraction of unburned metal in the agglomerates relative to the original
aluminum in the propellant;
ox
Zm
¡ fraction of original metal in the propellant used to form oxide in the
agglomerates;

Figure 1 The scheme of carried out experiment
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a
Zm
¡ fraction of original metal in the propellant used to form the agglomerates
as a whole;
SOP
Zm
¡ fraction of original metal in the propellant used to form SOP;

η ¡ mass fraction of oxide in agglomerates.
Let us notice de¦nition problems of fm (d) connected with high propensity to
coagulation of collected SOP that can lead to distortion of the measured size of
the particles. These problems are aggravated at use of the protective tubes made
of plexiglass and polytetra§uoroethylene. Ways of the solution of the speci¦ed
problems are considered in [2, 3].
The results of visualization of agglomerates in a gas phase are used for obtaining the information of qualitative character [1].
The obtained experimental results have allowed formulating the general physical picture of CCP evolution in a gas phase. It is possible to de¦ne it as follows
(Fig. 2).
Agglomerates are the basic source of evolution process. They provide realization of physical and chemical transformations which de¦ne the properties of
both coarse and ¦ne fractions of CCP. Let us note the basic phenomena which
are taking place during evolution:
 burning of agglomerate metal in gas-phase mode;
 SOP formation in a zone of burning of agglomerates metal and their coagulation;
 chemical interaction of the condensed metal and oxide of agglomerate with
formation of gaseous products;
 deposition of SOP from external gas §ow on agglomerate and their interaction with ¤substance¥ of agglomerate;
 change of structure of agglomerate;
 delivery of SOP from a zone of agglomerates burning to carrier gas phase;
and
 motion of agglomerate and SOPs.
Completion of evolution process in the motor chamber is connected with
formation of two basic fractions of CCP: coarse and ¦ne.
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Figure 2 A diagram illustrating the evolution of condensed products
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3

MATHEMATICAL MODEL OF EVOLUTION
PROCESS

Considering the formulated physical picture of evolution process, it is expedient
that the mathematical model of this process should be based on mathematical
models of evolution of agglomerate and SOP.

3.1

Agglomerate Evolution

The mathematical model of evolution of agglomerates has been developed earlier [4]. This model represents the set of particular models of the separate phenomena cooperating among themselves (Fig. 3):
(1) metal burning;
(2) interaction Alc + Al2 Oc3 ;
(3) deposition of SOP on agglomerate;
(4) structure; and
(5) agglomerate motion.

Figure 3 Block-diagram of the model of single agglomerate evolution [4]
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The comparison of the results of the numerical analysis of the model with
experimental data led to conclusion about su©ciently high quality of modeling [4]. In the present edition, the model is subjected modernization which
included:
 the account of presence of various kinds of structure of agglomerates besides
agglomerate with ¤cap oxide¥ (¤matrix¥ agglomerate, ¤hollow¥ agglomerate); and
 the description of burning under condition of presence in the environment
of combustion products a signi¦cant amount of molecular oxygen (O2 ).
3.2

Formation and Evolution of Smoke Oxide Particles

Let us notice that the quantity of the works devoted to oxide particles formation
during burning of aluminum drops is extremely limited.
Kinetics of chemical reactions with participation of aluminum suboxides leading to condensed oxide formation is considered in [5]:
Al2 O + 2CO2 = Al2 Oc3 + 2CO ;
2AlO + CO2 = Al2 Oc3 + CO ;
Al2 O + 2H2 O = Al2 Oc3 + 2H2 ;
2AlO + H2 O = Al2 Oc3 + H2 .
However, the question about the mechanism of condensation and size of oxide
particles remains opened.
Within the limits of model of work [6], homogeneous condensation is considered and kinetics is described. However, the data on size of particles of the
formed oxide are absent.
In [7], the model related to ¦ne metal particle surrounded by active motionless environment is suggested, according to which characteristic time of di¨usion
of oxidizing gases is much less than the characteristic time of heterogeneous
chemical reaction on formed nuclei of the condensed phase. The model is based
on the positions of work [8] about burning of metal drops. It provides de¦nition
of function of oxide particle size distribution. Absence of comparison of numerical and experimental data does not allow to estimate the quality of modeling.
Besides, as it was speci¦ed in [4], many positions of work [8] contradict with the
available experimental data.
There are a number of works devoted to simulation of multiphase §ow in
combustion chamber of solid rocket motor (see, for example, [913]). However,
it has to be stated that some questions are unconsidered in these works. First of
136

HYBRID AND SOLID ROCKET PROPULSION

all, there are the questions related to various processes and phenomena during
agglomerates evolution and also, the SOP size distribution transformation during
evolution of CCP §ow.
Let us consider the model developed in the present work. It is based on
a number of assumptions. Their introduction is based on the following considerations.
The results of experimental researches of evolution process of an agglomerates
§ow [1, 4] have allowed to draw an important conclusion: agglomerate metal
burns in di¨usion mode in the environment of combustion products of propellant.
This circumstance allows to consider the variety of burning processes as ¤fast¥
processes. It is necessary to underline that this statement is not universal in
relation to burning of aluminum drops in any active environments. The results
of experimental study of agglomerates evolution processes in the environment of
cold air indicate the in§uence of the kinetic factors.
Environment in which the burning process takes place is ¤dirty¥ environment,
¦guratively speaking: the gas phase is saturated by liquid aluminum oxide particles and solid carbon particles (soot). Such properties of environment do rather
probable heterogeneous character of condensation process.
Formation of various boundary layers (dynamic, thermal, di¨usion, etc.)
takes place during interaction of a gas §ow with agglomerate. Characteristics of
one of these layers allow to estimate spatial position of others.
The §ow in vicinity of agglomerate and, as a consequence, formation of ¤trail¥
(Fig. 4) is accompanied by realization of elements of jet §ows which are characterized by laminarturbulent transition at rather low Reynolds numbers [14,
15]. However, the comparison of numerical results in laminar formulation (cal-

Figure 4 Gas §ow in vicinity of agglomerate: (a) numerical result ¡ streamlines of
gas velocity ¦eld; and (b) experimental visualization
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culations were carried out for chemically homogeneous §ow) with experimental
visualization picture gives a ground to make a conclusion about their proximity
(see Fig. 4).
Considering described above, the following positions have been used in modeling:
 condensation takes place in a heterogeneous mode;
 nuclei of a new phase are SOPs and soot of environment;
 condensation is the ¤fast¥ process;
 coagulation is de¦ned by the Brownian motion;
 the §ux of substances to the ¤trail¥ is de¦ned by di¨usion model of metal
burning;
 spatial position of a zone of condensation is de¦ned by parameters of a dynamic boundary layer; and
 the thickness of condensation zone (δc ) is equal to the width of a zone of the
equilibrium condensation and is calculated using the model of vapor-phase
metal burning.
The modi¦ed continuous approach for the description of transformation of
size distribution is used. According to this approach, change of parameters of
functions of distribution in the sizes for a discrete time interval leads to necessity
of redistribution of particles between fractions for the description of evolution
of particles for the following time interval. The expediency of updating of the
standard continuous approach [16] is caused by a signi¦cant growth of SOP due
to condensation.
In general, change of quantity of the particles belonging to the ith fraction
along curvilinear coordinate is expressed by the following ordinary di¨erential
equations:


N
�
dni
1
−ni
= av
Kij nj + n‘ i + wi − n‘ gi 
(1)
dxk
uxk (xk )
j=i

where N is the quantity of fractions; i and j are the indexes of corresponding
fractions; ni is the number of particles of the ith fraction in volume unit; xk
is the curvilinear coordinate connected with a streamline along which the condensation zone is located; Kij is the factor of Brownian coagulation between
particles of the ith and jth fractions; n‘ i is the change of number of particles of
the ith fraction in volume unit due to in§ow of new nuclei from environment
per unit of time; wi is the change of number of particles of the ith fraction
in unit of volume per unit of time due to ¤redistribution¥ ¡ transition of the
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enlarged particles in the ith fraction from ¦ner fractions and transition of the
enlarged particles from the ith fraction to coarser fractions; n‘ gi is the change
of number of particles of the ith fraction in volume unit per unit of time due
to change of geometrical sizes of condensation zone; and uav
xk (xk ) is the average component of speed in a projection on xk in any section of a condensation
zone.
Determination of wi is based on calculation of change in mass of particles of
di¨erent fractions which is described by the following equations:


i−1
�



1
dmi

= av
Kij nj mj + Ÿi IŸ 
dxk
uxk (xk ) j=i

(2)

where Ÿi is the surface area of the ith fraction of SOP; mi is the mass of the
particle of the ith fraction; and IŸ is the mass of oxide ¤pseudovapor¥ attached
to unit of surface area of the particles per unit of time.
Determination of the size distribution function of formed SOP produced by
integrating system of ordinary di¨erential equations (1) along curvilinear coordinate (associated with streamline) with the implementation of the algorithm of
particles ¤redistribution¥ between the factions, which is determined by solving
the system of Eqs. (2). Integration is performed until coordinate value xend
k ,
wherein uav
(x
)
di¨ers
from
carrier
gas
velocity
by
a
predetermined
small
value,
k
xk
is not reached.
Schematically, the spatial position of the condensation zone is shown in Fig. 5.

Figure 5 The scheme of a spatial position of condensation zone (streamlines of gas
velocity ¦eld are shown)
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4

TESTING THE MODEL

Two propellants compositions [2] were used to test the model. The propellants contained 24% of aluminum, 64% of ammonium perchlorate, 11.6% of
isoprene rubber with plasticizer, and 0.4% of other additives. Propellant compositions signi¦cantly di¨ered in particle size of oxidizer (150 µm for N1 and
400600 µm N5). Calculation of the evolution process of the totality of the
condensed products (agglomerates and SOPs) studied formulations was carried
out.
Changing the oxidation potential of the medium (ak ) and temperature (Tf ),
as a result of the combustion of metal agglomerates, was taken into account
during the calculation. Dependencies ak (Zm ) and Tf (Zm ) were determined using
thermodynamic method [2]. It was assumed that the totality of SOPs that leave
the surface of burning propellant is involved in evolution process. This statement
is due to the fact that in the process of burning, propellant surface portions,
which supply agglomerates and SOPs, constantly alternate.
It can be noted that the model of evolution agglomerates describes quite well
the characteristics of the agglomerates (Figs. 6 and 7). This circumstance was
also underlined in [4].

Figure 6 Parameters of agglomerates evolution for composition N1 (P = 1.0 MPa):
1 ¡ experimental; and 2 ¡ numerical
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Figure 7 Parameters of agglomerates evolution for composition N5 (P = 6.0 MPa):
1 ¡ experimental; and 2 ¡ numerical
The structure of agglomerates (D = D43 ) for formulations was investigated
after the evolution process and is shown in Fig. 8.
Let us consider process of SOP evolution in details. As a rule, the increase
in the size of particles during evolution occurs [1]. This circumstance is an
objective reality and is not connected with increase of coagulation intensity of the
collected particles using protective tubes. Photograph of the selected particles

Figure 8 Structure of agglomerates: (a) N1, pressure 1 MPa; and (b) N5, pressure
6 MPa
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Figure 9 Collected SOP
for composition N5 (Ls = 70 mm) is resulted in Fig. 9. Large SOPs have the
correct spherical form that gives the grounds to speak about a reality of presence
of such particles in a §ow of combustion products.
As a whole, the traditional situation for composition N5 is experimentally
observed: the size of SOPs increases during evolution.
Two situations are experimentally observed for composition N1 at low and
high pressure. The size of SOPs increases during evolution at low pressure, and
at a high pressure, it remains almost invariable.
Calculation of SOP size distribution after the end of evolution process was
carried out in the following sequence. At ¦rst, shares of SOP, which get to the
condensation zone from §ow around agglomerate, were determined for di¨erent
fractions of agglomerates. Then, degree of enlargement of these particles in
a condensation zone was found using the developed model, i. e., the function of
SOP size distribution on an exit from a condensation zone was de¦ned. Further,
total function fm (d) was de¦ned taking into account mass shares of various
fractions of SOPs.
In general, one can speak about a satisfactory agreement between the calculated and experimentally determined parameters of the distribution laws of SOP
size (Figs. 10 and 11). Use of the model of SOP evolution allows to understand
the nature of ¦xed experimental laws of change of SOP size.
Essential enlargement of SOPs for composition N5 (see Fig. 11) is caused,
mainly, by considerable times of stay of these particles in a condensation zone.
Composition N1 di¨ers essentially in higher burning rate (rb = 34.0 mm/s at
P = 1.0 MPa and rb = 58.4 mm/s at P = 6.0 MPa) in comparison with composition N5 (rb = 5.9 mm/s at P = 1.0 MPa and rb = 8.1 mm/s at P = 6.0 MPa).
This circumstance leads to sharp increase of speed of a carrier gas §ow for composition N1, a consequence of that is decrease of time of SOP stay in a condensation
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Figure 10 Mass functions of SOP size distribution density for N1 composition:
(a) pressure 1 MPa; and (b) pressure 6 MPa; 1 ¡ Ls = 1 mm; 2 ¡ Ls = 70 mm,
numerical; and 3 ¡ Ls = 70 mm, experimental

Figure 11 Mass function of SOP size distribution density for N5 composition, pressure 6 MPa: 1 ¡ Ls = 1 mm; 2 ¡ Ls = 70 mm, numerical; and 3 ¡ Ls = 70 mm,
experimental
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Table 1 Calculated and experimental values of d43
Composition
N1
N1
N5

Pressure,
MPa
1
6
6

d43 , µm
Experimental Calculated
0.53 ± 0.12
0.34
0.42 ± 0.09
0.43
1.35 ± 0.30
1.04

Error
18.1%
¡
0.9%

zone. At a high pressure, enlargement of these particles is practically absent (see
Fig. 10b).
The original situation takes place at low pressure. Substantial growth of
speed of a carrier gas §ow occurs owing to pressure drop. It leads to increase in
intensity of deposition of SOPs at agglomerates. The coe©cient of SOP deposition on the agglomerate, which represents the fraction of SOPs deposited on the
agglomerate in relation to SOPs moving in the §ow within tube with diameter
equal to diameter of the agglomerate, increases essentially.
It is obvious that, ¦rst of all, large particles are deposited. Thus, original separation of SOP occurs and only rather small particles get into the condensation
zone, which enlargement is rather considerable. The speci¦ed phenomena: deposition of the largest SOPs on agglomerates and essential enlargement of SOPs
in condensation zone also lead ¦nally to increase in the sizes of SOPs after end
of evolution process (see Fig. 10a).
The results of the carried out analysis give the grounds to ascertain that use
of the developed model allows to obtain the data on size distribution of SOPs
which, as a rule, are in limits of con¦dential intervals that have been found
experimentally (Table 1). The error has higher value for composition N1 at low
pressure. It reaches the values of ∼ 20%. Thus, there is a problem of carrying
out of more detailed researches with reference to a speci¦c situation which takes
place in the speci¦ed conditions. However, as a whole, it is possible to speak
about high enough quality of modeling of SOP evolution process. The results of
modeling allow obtaining realistic function of SOP size distribution in the course
of evolution.

5

CONCLUDING REMARKS

The basic result of the present work is the development of mathematical model of
evolution of the condensed products as a part of a §ow of combustion products.
The model provides the description of physical and chemical transformations
of two basic fractions: agglomerates and SOPs. Testing of model for compositions, which essentially di¨er in properties of combustion products at a surface
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of burning propellant, is carried out for conditions of a one-dimensional §ow.
The results of testing give the grounds to speak about high enough quality of
modeling.
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