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The problem of optimal control for the aircraft with the electric pow-
erplant and solar cells for the multiday flight is investigated using the
more precise equation of motion comparing to the previous investiga-
tions. The cases of some restrictions on aircraft energy storage and
peculiarities of its charge and discharge are also analyzed. Pontryagin’s
maximum principle is utilized. Optimal trajectories were obtained for
the cases considered.

1 INTRODUCTION

By this time, a set of solar-powered (SP) airplanes have been designed and built
(from those are “Pathfinder,” “Centurion,” “Helios,” “Solar Impuls,” “SoLong,”
“Zephyr,” and others). But for the present state-of-the-art, the design of the SP
airplane for multiday mission is a serious problem because of the moderate value
of the solar radiation intensity, rather low efficiency and rather high density of
the solar cells, insufficient energy density of the onboard energy storage, and
some other factors.

The performance of the apparatus can be improved through the optimal
control in the flight. Some theoretical investigations were made by authors earlier
and a set of optimal control problems was solved [1 3]. Hypothesis of “quasi-
stead” motion was used for the equations of motion simplification. Among other
results, optimal altitude for the level flight and optimal trajectory for the flight
at changing altitude were found analytically.
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But in these investigations, it was assumed that the onboard energy source
(“accumulator”) has infinite capacity and can accumulate any amount of en-
ergy. In fact, any storage device can accumulate only limited amount of energy
depending on the storage performance.

Also, the efficiencies of “accumulator” charging and discharging were not
taken into account. It is evident that these efficiencies affect the shape of tra-
jectory.

Considered here is the problem of optimal control for the SP airplane for
the maximization the “accumulator” energy at the end of flight for the multiday
24-hour periodical mission taking into account capacity of “accumulator” and
charging-discharging efficiency.

The research was made on the basis of the Pontryagin’s maximum principle
(to be more precise, Pontryagin’s minimum principle) [4]. Analyzed is the case
for which the dependence of the characteristics of the Sun does not change from
day to day. For the present investigation, more precise equations of motion
compared to the previous investigations were used.

The solutions were checked for the extremum necessary condition.

2 PREVIOUS INVESTIGATIONS

Some questions concerning the optimal multiday flight were investigated in [1 3].
First of all, the optimal altitude for the flight at constant altitude was found. If
the dependence of air density p on the altitude & is defined, then the values of p
and h can be found from

ORI

Here, 7 is the powerplant efficiency (assumed to be constant); G = mg where
m is the aircraft mass and g is the acceleration of gravity; S is the wing area;
A =1/(n)) where X is the aspect ratio of the wing; Cpg is the drag coeflicient
at zero lift; and J is the power obtained from the unit area of solar cell.

The equation for the isothermal atmosphere in which the density depends on
the altitude by the formula defined in [1] as p = pg exp(—h/ho) (ho = 6374 m
and po is the air density at the reference level where h = 0) gives:

s ha_J*2 G\’ [A%Cpo
p=2\"1"0 3y S 27

The corresponding velocity V' is [1]:

B 3 np oJ
V= "\ "ACpo 2(G/S)p/oh ok @)
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that for the isothermal atmosphere gives:

V= 3 ’I]h() y
—\ 4Acpo 2(G/S) oh

Then, optimal flight path was investigated for the case of nonfixed altitude
with the help of Pontryagin’s maximum principle [4]. The problem was investi-
gated numerically [1] and analytically [2]. It was found that the hypothesis of
quasi-stationary flight can be used for such investigation and within this hypoth-
esis, the flight altitude and velocity are defined by the same relationship as (1)
and (2) and the only difference is that the characteristics of Sun radiation are
not mean values but the values at the required moment of time. But during
the night time, there is no Sun radiation and the optimal air density is equal
to infinity (corresponding altitude is equal to “minus infinity”). So, during the
night time, the aircraft must fly at the lowest possible altitude.

3 IMPROVED MODEL OF FLIGHT MECHANICS

In previous investigations, the following system of governing differential equa-
tions of motions was used for numerical investigations [1]:

_Wn

o
m v

2
(Cpo +AC,%)pV7S—mgsin9;

2
mVG:CLpV?S—mgcosﬁ; (3)

h=Vsinb; E=W —I(h,t)

where W is the power consumed by the engine (Wiin < W < Winax); Cp is the
lift coefficient; € is the angle of trajectory inclination; F is the energy consumed
from accumulators; I = JS; and ¢ is the time of the day.

According to the “quasi-stead” motion hypothesis, they were simplified in [1
3] to the form of

: 1%
E=W —1I(h(p),t); CLp— S=mg.

In the present investigation we propose the simplification of system (3) to
the form
. V3
mVV =Wn— (CDO + AC%) P S —mgVy ;

h=Vy =Vsinb; E=W—1(h,t); CLp7S:mg
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where Vi (Vy min < Vv < Vy max) is the vertical component of the aircraft ve-
locity. System (4) is more precise than the previous one. Let us introduce new
variable:

Z=V2
So, the first equation becomes:
m . 2mg Z3/2
—Z=Wn-|C A — S5 - Vy .
5 n <D0+ (pz)>0 5 mgVy (5)

The optimized function is the energy F consumed from accumulators during
24 h (T = 24 h) of flight:

T
E/W I(h,t))
0

with the condition that the solution is 24-hour periodic. Minimum of FE is re-
quired.

Optimization problem for Pontryagin’s minimum principle is analyzed. For
this problem, the Hamilton function H for control variables W and Vy is:

2P 2 Z3/2
H=2Z% Wn—|Cpo+ A s — S —mgWy
m ZS
+ PygVy + (W — I(h,t))

where Pz and Py are the conjugate variables for Z and h, respectively.
The conditions for the conjugate variables are:

: oH 2P, (3 AL 1 A2
PZ:—:—<—mZ (CDOP 5 - Wg))) 6)

o7 2 2 2 273/2)8
. 0H 2P, Z3% 8p  A(2mg)? dp oI
PH“%“(‘W(“’O > Son a5 on) T\ Tan))

Function H is linear with respect to W and Vy-; so,

for W:

o W — Whax at s <0;
Whin at s > 0;

e singular control: s =0, § =10
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where s is the switch function

277PZ

_ VYmax atp<0;
[ ] Vy—
VYmin atp>0;

e singular control p =0, p=0

where p is the switch function

p=—-2Pzg+ Py . (9)
Singular control of W gives:
o2nP onP
s="7 19, s="TZ_y.
m

Taking into account (6), one can obtain:

2n 2P, A 1 A2
sz (3o L Z g A@mg?\
m m \2 2 2 27312 pS

From (8), Pz # 0; so,

Z1/? 1 A(2mg)?

— = 1
2 2 223/2p5 (10)

= CDOP

Together with
V2
CLp b3 S=mg
it gives the conditions:
pZ = const ; AC%/ =3Cpo -
Singular control condition for V3 (9) with (6) and (7) gives:
. Z3/2 dIp A(2mg)? Op ol
P, Cpg — —— 0. 11
"= ( 20 S oh Ty g ok ) (8h) (11)

Two these conditions of singular control, (10) and (11) lead to Eq. (1). So,
it was proved that the previously obtained conditions of optimal flight are valid
also in this improved model of flight.
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Then, it is required to check the solution for the necessary extremum condi-

2
0 (HVY o
oW \dt* \ow ) ) ~
2
L0 (& (EN
MVy \dt? \ OVy -
with taking into account the equations obtained above.
For the first condition,

& (OHN _ds_ d (2mPy
a2 \ow ) dt  dt\ m

d (2P (3 Z'? 1 A(2mg)*
( <§CDOP 5 S — 2 27%2,9

tion [4]:

T at
2Py (3 z1/? 1 A(2mg)*
~m (5 R YT
2Py d z1/? 1 A(2mg)?
m dt ( Cpop —5=5-3 273/2pS

As for the singular control (8) Pz = 0, then

4 (OH\ _ 2Pz d C pzl/2s_1,4(2mg)2
oW m dt bo 2 273/2p8

2Pz (3 Z 3 1 A(2mg)2Z 3, 9pzZV? .

T om <2CDOP421/2+2 2 275/2,8 2CD08h 2 Sh
1 A(2mg)* dp ;

2 2Z3/2p2S Oh :

Taking into account (5), one can obtain:

o (d® (oH 2\° 3 1 3 1 A@2mg)?
(= (=) )=(Z) P, (2Cpop— 4+ 2.2 5]
o (i () = () 72 (3o +3 3 35

Expression in brackets is positive. From (8), Pz < 0; so,
2
0 (A (OHANN
oW \at* \ow ) ) =
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For the other condition,

d* ( OH d’p d : .
— (= )=—5=—(-2P P ) .
dt2 (avy) dt2 dt< 28+ H)

d : o\ d (2P Z32 _0p  A@2mg)? dp
@ <_2Pzg + PH> = — (m (CDO 5 S an 7221/2p25 ah

oI 2P, (3 zZ1/? 1 A(2mg)?
— g2 (2 i
+ oh g m (2 C'DOIO 2 S 2 2Z3/2p5

For the isothermal atmosphere (11 20 km above the Earth), as it was men-
tioned above, p = pg exp(—h/hg). From this,

o _ _p

oh — ho’

As Pz = 0 and taking into account (8),
a* ( 0H 2P 73/ A(2mg)? 1
() (2 (o 2 st Aama ) o
dt> \ oVy m 2 Ry 22Y%ph2S oh

2P; (3 Z4? A(2mg)?
+2g7 (5 Cpop o S+ 277 phoS Vy +---

For the atmosphere with the density decreasing with altitude, the correspond-
ing graphs are the convex upwards (Fig. 1); so,

o1

o2 <0

and, as Pz < 0, the expression in brackets is negative.

From this,
o (d* [ 0H
a5 | == | 57 >0.
oOVy \ dt oVy

So, it is proved that the necessary condition for the singular control is fulfilled.

As an example, let us consider some generic aircraft with the following char-
acteristics: Cpg = 0.01; A = 30; m = 600 kg; S = 200 m?; n = 0.8; and solar cell
efficiency 23.2%. Taking the mean value of data from [5, 6], one can obtain the
average value of 0.J/0h for 24 h as 9.J/0h = 0.0025 W/m>. These values give
the “constant optimal altitude” (COA) of about 9 km.
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Figure 1 Dependence of solar energy on altitude [5] on June 22 (a) and on Decem-
ber 22 (b): 1 — L =45°, 2 — 40°; and 3 — L = 36°

According to formula (1) used for
instant density (and altitude) during
the flight at variable altitude, at
night the density (and the altitude)
is equal to “minus infinity” (as was
shown in [1]). So, during the night,
the aircraft must fly at some altitude
restriction. Let us consider the situa-

I ! I I ! tion proposed in [1]: the minimal al-

0 8 16T' 24/ h32 40 48 titude is the COA. So, during the day
fme time, for rather high values of 9.J/0h,

the altitude is higher than COA; for
the night time and during the sun-
rise and sunset, the altitude is equal

Altitude

Figure 2 Proposed trajectory

to COA (Fig. 2).

For this trajectory, the advantage in energy stored for 24 h (compared to the
flight at COA) is about 30% of the energy consumed by motors for the 24-hour
flight at COA.

The maximal altitude difference is about 2.3hy (14 650 m) and is independent
of other parameters of aircraft and atmosphere.

Of cause, one can propose another altitude limitations.

4 INFLUENCE OF CHARGE-DISCHARGE
EFFICIENCY

Formula (1) gives the dependency of the altitude shape on the efficiency of pow-
erplant as a whole and, in particular, on the charge-discharge efficiency. One can
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see that the lower the efficiency, the higher the air density, or, in other words,
the lower the altitude. But we are to investigate this question more thoroughly.

Assume that the part of energy « from solar cells goes to the motor and the
other part of energy (1 — ) goes to accumulator to charge it. Assume that the
accumulator charging efficiency is v and discharging efficiency is 1/3, 1 here is
the efficiency of all the powerplant except accumulator and solar cells. Define
that W is the power going from accumulator to the motor; so, W > 0.

For this investigation, the equations of motion become as follows:

. 2mg\*\ 7%/
%Z:(aI(hJ)—l—W)n—(CDO—i-A(%))p—S—mgVy;

E =W —~(1 —a)I(h,t).

Hamilton function for control variables a,, W, and Vy is:

2Py 2mg 2 AL
H= - ((a[(h,t)—i—W)n (CD0+A(pZS>>p 5 S —mgVy

+ PgVy + (BW —y(1 —a)I(h,t)), 0<a<1l, 0<W < Whax-

For the control variables:

for W:

Winax at3<0;
o W =
Wnin(W =0) at s>0;

e singular control: s =0, $=0
where s is the switch function:

2nP.
s=212

+ 8; (12)

for a:

O'max atq<0;
o =
amin(e=0) atqg>0;

e singular control: ¢ =0,¢=0
where ¢ is the switch function:

2P
g="12
m

+7; (13)
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VYmax a'tp<0;
[ ] Vyz
VYmin a'tp>0;

e singular control p=0,p =10

where p is the switch function:

p=—2Pzg+ Py .

Consider the cases of singular control. It is evident that the cases of singular
controls for a and W does not realize simultaneously as 5 > 1 and v < 1 (see (12)
and (13)). This means that there are the following situations.

1. Singular control for . As v < 3, then switch function for W is positive.
It means that W must be minimal (equal to zero in this case). So, the
situation is that a part of power from solar cells goes to the motor, another
part goes to accumulator, and no power from accumulator goes to motor.

2. Singular control for W. In this case, switch function for « is negative and
« must be maximal (o = 1). This means that all the power from solar
cell goes to the motor and also some power from accumulator goes to the
motor.

From this, one can understand that the accumulator cannot charge and dis-
charge simultaneously. On the one hand, it is rather evident but on the other
hand, for the accuracy, even evident things must be proved.

For each of singular control cases s = 0 or ¢ = 0, the conditions of singular
control $ = 0 or ¢ = 0 give the same equation:

Py, =0

as in previous section.
The condition for the conjugate variable P is the same as (6).
The condition for Py is:

. OH
P ==%n
_ (P2 (00 o PP GO0 ACm’ Op) | (O
- @, ~Cpo—5— S5, 2717225 Oh Yo )) -

One can check that for any of singular controls for o or W, this equation becomes
(7) if one substitutes (01 /0h) in place of (01 /Oh). This means that the solutions
for V and h are the same as in previous section or, in other words, are given by (1)
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and (2) with the substitution v(9I/dh) in place of (9I/0h). If one introduces the
“total” powerplant efficiency 7y with taking into account accumulator charging
efficiency as

No =1,
one obtains the condition for the altitude in the same form as (1) with substitu-
tion 79 in place of 7.

Formula (1) for the isothermal atmosphere gives the dependency of altitude
on the flight parameters as

h oJ G A*Cp
e 2ln o +21n <8h> —3In <S) —O.5ln< o7 —3In 2+ 21In(hy) .

If one assumes that (0.J/0h) is nearly the same at any altitude for the fixed
moment of time, then the optimal trajectories for the different values of 7y are
simply shifted in vertical directions but have the same shape. To estimate this
shift, one can say that 1% of efficiency increase is equal to the altitude increase
by 127.4 m.

It must be noted that there is no symbol 3 in the results of this section.
This means that the discharge efficiency does not influence the altitude and
velocity. It influences only on power consumption from accumulators. This acts
only during the accumulator energy consumption (at night and in the case of
insufficient solar energy).

So, for any singular control, the required power depends only on the time of
the day for the flight within the restrictions on the altitude. The only question
is what is the source of this energy (solar cell or accumulator).

5 INFLUENCE OF ONBOARD ENERGY
LIMITATION

It is evident that the energy stored in onboard accumulators cannot be less than
zero (fully discharged accumulator) and higher than some maximal amount of
energy (fully charged accumulator). Mathematically, these conditions can be
expressed as:

Dy = F — Epax <0 (full discharege) ;
®y = —E <0 (full charge).

As there is no control variables in this expressions, one must use the deriva-
tives of these equations for Pontryagin’s minimum principle [4].
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For this task, Hamilton function from previous section must be rewritten as:

2P 2 73/2
H= "% ((a[(h,t) +W)n — (ODO —|—A< mg) ) p S — mgVy) +PgVy

m ZS

+(BW —v(1=a)I(h, 1) +pa (BW =y (1 =) I (R, 1))+ p2(BW =y (1= )1 (h, 1)) .
Here, £11(t) > 0 for the full charge restriction and p2(t) < 0 for the full discharge
restriction; pi(t) = 0 and pg(t) = 0 inside restrictions. It is evident that p;
and pe cannot be higher than zero simultaneously.

One can check that inside the restrictions, the solutions are the same as in
the previous section (as in this case p1(t) = 0 and pa(t) = 0).

For the case of restrictions,

E =W —~(1—a)I(h,t) =
There are two ways to fulfill this dependence:

(1) W =0 and a = 1. In this case, all the energy from solar cells goes to the
motor; and

(2) W > 0 and « < 1. In this case some energy from solar cells goes to the
accumulator and then it goes to motor. In this case, some amount of energy
loses on the way from solar cell to the motor comparing to the first case.

So, the first case must be chosen and, thus, the values of two control vari-
ables W and « are defined.

The condition for Vy control variable is the same as in the previous section
and looks as (9).

As for the conjugate variables, the condition for P, remains the same as (6)
and condition for Py will be as:

P __8_H__ & 81 C 23/25@_ A(2mg)? @
=70 = \m \"Mon ~ \"PP T2 Y on T 972,25 0h

oI
(1 )L+ o) (ah)> .
As a =1, then
py_ OH_ (2P 0f (27 op  Ame) op
= "0n — m \"Ton  \"PP 727 " on " 22172,25 oh ‘

This equation together with (6) and derivative of (9) with respect to time gives:
dp A(2mg)* _ Op oI 3 zZ? 1 A(2mg)?
=7 = ——2g|=Cpop— 85 — = ——+—
o~ 2,28 “on) "Ton “E\27P 73 27 258
=0.

(CD() — 5 —
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The equations of motion on the limitations investigated are:

G Ity — | Cpo+ A [ 2T i (h)ﬁ/?s— Vi h=MW
2 - >, )N DO p(h)Z 14 9 mgVy ; — VY .

Last three equations give the so-
lution for A and Z as function of

time.

As an example, let us consider the
case with the same conditions as in ]
section 3 and imagine that the accu- F S

mulators become full at the moment
when the aircraft reached the COA
: «“ 3 ” s | | 1 |

in the evening. The.calculatlons 0 8§ 16 24 32 40 48
give the trajectory of airplane after Time / h

this moment as shown in Fig. 3 (dot-

ted line) up to the next moment of Figure 3 Trajectory for the case with re-
reaching the COA. striction on the accumulator capacity (dot-

ted line)

Altitude

Investigation of this trajectory
shows that the disadvantage of the
stored energy for 24 h (compared to the case without the restriction on the ac-
cumulator capacity) is about 2% of the energy consumed by the motors for 24 h.

6 DISCUSSION AND FUTURE WORK

The solutions obtained above give the optimal control and trajectory for the
parts of trajectory inside the restrictions and on the restrictions. Next step
must be to join the pieces into the whole trajectory. One of the difficulties to
make it using Pontryagin’s maximum principle is that the conjugate variables
have the discontinuity in the points of connection. So, this problem requires
separate investigation.

Also, the assumption of the powerplant efficiency independence of flight con-
ditions and power was made. The investigation for the real powerplant efficiency
is also requires in the future.

7 CONCLUDING REMARKS

1. Investigations for the optimal control of Sun-powered aircraft for the set of
tasks in more precise definition comparing to the previous investigations
were conducted and the solutions were obtained.
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2. Influence of the powerplant efficiency and efficiency of charge and discharge
was investigated. It was found that the powerplant efficiency and accumu-
lator charging efficiency affect on the optimal trajectory. In particular,
the lower the efficiencies, the lower is the altitude. The accumulator dis-
charge efficiency does not affect the trajectory, it affects only the power
consumption.

3. The case of energy storage limitations was investigated. The directions
of the energy flows were determined and the equations for the trajectory
determination were obtained.
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