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CALCULATION OF TUMBLING BOUNDARIES
OF A GENERIC WING-ONLY AIRLINER
A. Khrabrov and M. Sidoryuk
Central Aerohydrodynamic Institute (TsAGI)
1 Zhukovsky Str., Zhukovsky 140180, Moscow Region, Russia

The aerodynamic model of a generic wing-only airliner con¦guration is
developed for a whole range of angles of attack (−180◦. . . +180◦), based
on experimental data obtained in wind tunnels using static, and forced
oscillations. Two di¨erent approaches for the tumbling boundaries calculation are used. In the ¦rst approach, the steady pitch autorotation is
calculated. In the second approach, for various angles of attack, the minimum pitch rate disturbance is considered which can result in tumbling.
The tumbling boundaries are calculated via the use of a continuation
technique. The dependence of these boundaries on such parameters as
§ight altitude, aircraft center of gravity position, and total velocity is
analyzed.
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center of gravity
mean chord length
aircraft pitching-moment coe©cient about the center of gravity
aircraft tangential force coe©cient
aircraft normal force coe©cient
aircraft moment of inertia about the pitch axis
pitch rate
wing area
total velocity
angle of attack
pitch angle

INTRODUCTION

It is well known that §ying wing aircraft con¦gurations are susceptible to a §ight
instability called tumbling. Tumbling is an autorotative pitching motion, pri-
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marily about an axis parallel to the aircraft£s lateral axis, combined with planar
translation. The renewed interest in the study of tumbling is caused by the
current development of wing-only aircraft con¦gurations. The well-known examples are the concept of a future high-capacity blended-wing-body (BWB)
subsonic transport airplane [1] and various tailless unmanned aerial vehicles. It
is di©cult, if not impossible, to escape the tumbling motion once it develops.
To prevent the onset of tumbling, it is important to understand the causes of
this dangerous phenomenon and to know its borders. The experimental investigations showed that the tumbling modes are very sensitive to geometric and
inertial characteristics of the aircraft [2]. The initial conditions also essentially
in§uence the tumbling motion. The e¨ect of the geometry and mass distribution
on tumbling sensitivity must be taken into account by aircraft designers.
The e¨ects of initial conditions, degrees of freedom, Reynolds number, and
aircraft static margin on the tumbling characteristics of a wing-only aircraft
were investigated in [3] using the approach of simultaneous solution of §ight dynamics and computational §uid dynamics equations. However, direct simulation
with some restricted set of initial conditions cannot give a complete picture of
tumbling boundaries and its parameters. The purpose of the present research
is the nonlinear mathematical model development and qualitative analysis of
tumbling boundaries for a generic wing-only aircraft. The study of tumbling
requires knowledge of aerodynamic characteristics in the whole range of angles
of attack from −180◦ to +180◦ . Aerodynamic characteristics have substantial
asymmetry at high angles of attack. So, generally speaking, the tumbling phenomenon should be investigated based on a full model of aircraft spatial motion.
In this paper, the tumbling boundaries are calculated based on the longitudinal
motion analysis only. Main features of the tumbling dynamics are captured by
this consideration. In the paper, the qualitative methods of nonlinear dynamics
with a continuation technique [46] as a main tool are used.
Two di¨erent tumbling modes are considered: a steady-state autorotation
and a tumbling onset, i. e., a minimal deviation of initial conditions from a level
§ight which results in tumbling. These problem statements lead to the two di¨erent parameter dependent boundary-value problems. Both are solved numerically
via continuation on the parameter. The principal continuation parameter is the
elevator de§ection. In§uence of other parameters such as aircraft center of gravity position and §ight altitude is investigated.

2

AERODYNAMIC MODEL

The mathematical model of a generic §ying wing aircraft con¦guration was developed using various experimental data and results of Reynolds-averaged Navier
Stokes (RANS) calculations in the whole range of angle of attack. Figure 1
shows nondimensional tangential and normal forces and pitching moment de90
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Figure 1 Static (1) and dynamic contributions to the aircraft tangential force (a),
normal force (b), and pitching moment for xc.g. /c = 0.275: 2 ¡ nondimensional pitch
rate = 0.2; 3 ¡ 0.4; and 4 ¡ nondimensional pitch rate = 0.6
pending on angle of attack in the range −180◦ < α < +180◦ for static condition
and for several values of nondimensional pitch rate. The aerodynamic characteristics are highly nonlinear and dependent on the pitch rate and pitch direction.
Mass/inertia and geometric parameters of the considered generic wing-only aircraft model are the following: mass m = 70370 kg; moments of inertia about
the roll, pitch, and yaw axis Ixx = 4 597 000 kg·m2 , Iyy = 5 902 000 kg·m2 , and
Izz = 5 126 000 kg·m2 , respectively; c = 8.00 m; and S = 373.5 m2 .

3
3.1

CALCULATION OF TUMBLING
Longitudinal Motion

To study the phenomenon of tumbling, the longitudinal motion of aircraft is
considered. It is described by the following forth-order system of equations:
91
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where [u, w, q, θ] is the standard vector of longitudinal variables consisting of
the tangential and normal velocity components, pitch rate, and pitch angle;
CX (α, q), CZ (α, q), and Cm (α, q, δe ) are the dimensionless aerodynamic coe©cients of tangential and normal forces and the body-axis pitch moment;
q = q
c/(2V ) is the dimensionless pitch rate; and δe and T are the elevator
de§ection, and thrust force, respectively.
3.2

Numerical Tools

Main methods of analysis of many nonlinear dynamic phenomena are qualitative and numerical methods for nonlinear dynamical systems [47]. Numerical
investigation is carried out by continuation of stationary and periodic (rotational)
solutions of nonlinear system with simultaneous calculation of their stability. For
searching for rotational periodic solutions, it is convenient to write system (1)
as follows:
dx
= F (x, δ)
(2)
dt
where x = [u, w, q, θ]. Periodic rotations of system (2) corresponding to tumbling
motion can be described by one of the two following boundary-value problems:
x(T, δ) − x(0, δ) + 2π[0 0 1 0]′ = 0 ;
′

x(T, δ) − x(0, δ) − 2π[0 0 1 0] = 0

(3)
(4)

where δ is the continuation parameter and unknown time T is the period of autorotation. Since unknown initial point x(0) of a periodic rotation can be taken
arbitrary in the trajectory, one component of vector x(0) must be ¦xed within
the range of its change. It is convenient to take w(0) = 0, because in this case,
the initial angle of attack is also zero: α(0) = 0. So, only three components
of the 4-dimensional vector x(0) are unknown, and Eq. (3) (or Eq. (4)) can be
considered as a curve in a 5-dimensional space which includes these 3 components of initial condition, T , and δ. In this study, the elevator de§ection δe is
used as the principal continuation parameter, while all other parameters such as
§ight altitude or aircraft center of gravity position, etc. also vary, but remain
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Figure 2 Periodic rotation trajectories depending on elevator de§ection, q < 0
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¦xed during the continuation procedure. For the application of the continuation
method, it is necessary to know some starting point on the curve. In this study,
a random search of such points is used.
3.3

Results for the Study of Tumbling

Figure 2 shows the trajectories of periodic rotations, describing stationary tumbling solutions in system (1) for di¨erent elevator de§ections in the range −25◦
< δe < 25◦ with step 4◦ for the following parameters: §ight altitude H
= 12 000 m, aircraft center of gravity displacement –x/
c = −0.05 relative the
basic value x/
c = 0.275, thrust value T = 43.1 kN. The thrust value corresponds
to the level §ight at this altitude with the total velocity V = 100 m/s. Figure 3
shows maximum and minimum values of these rotations and their period T depending on the elevator de§ection. This ¦gure shows also the similar results
for center of gravity displacement –x/
c = −0.02. The calculated rotations are
stable only in the range of elevator de§ections: 18◦ 25◦ at –x/
c = −0.05 and
24◦ 25◦ at –x/
c = −0.02 (they are shown by large markers).

Figure 3 Maximum and minimum values of periodic rotation trajectories and their
period depending on elevator de§ection, q < 0
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Figure 4 Periodic rotation trajectories depending on elevator de§ection, q > 0
The parameter dependent boundary-value problem (4) has the similar solutions corresponding to rotations with pitch rate q < 0. Figure 4 shows α and q
components of this solutions for the same grid in the parameter δe and the same
§ight parameters as in Fig. 2. All these periodic rotations are unstable.
The fact of instability of periodic solutions at most physically admissible
parameters means that the considered aircraft has no tendency to tumbling.
Nevertheless, large disturbances can lead to one or several aircraft turns. It is
important to calculate the boundaries of such tumbling motion, i. e., to ¦nd the
initial conditions for which at least one turn occurs. For estimation of the domains of tumbling, note that total velocity is practically constant during a turn.
This allows considering this problem for a short-period approximation of the
longitudinal motion.
To determine the parameters of tumbling onset, a grid in (αq) plane with
a su©ciently small step was used. Nodes of this grid were used as initial condi95
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Figure 5 Domains of tumbling, stable periodic rotation, and example of trajectory
originated in the region of tumbling at H = 12 km; V = 100 m/s; –x/c = −0.05;
and δ = 0◦ (a) and −30◦ (b)

tions for simulation of the shortperiod approximation of system (1). If the outgoing trajectory reaches angle of attack equal
to +180◦ or −180◦ at least once,
the point is marked as belonging
to the tumbling domain. Otherwise, there is no tumbling. Figures 5 and 6 show the areas of
tumbling for several values of the
parameters: center of gravity poFigure 6 Domains of tumbling, stable peri- sition and elevator de§ection.
odic rotation, and example of trajectory origi- Several trajectories including tranated in the region of tumbling at H = 12 km; jectories of periodic rotations are
V = 100 m/s; –x/c = −0.1; and δ = −30◦
also shown in these ¦gures.
Numerical simulation shows that regions tumbling absence in the (αq) plane
are convex. This allows to formulate the tumbling onset problem as follows: for
each α value, ¦nd such a minimal (in absolute value) q that the boundary-value
problem
α(T ) = π
has a solution and ¦nd such a minimal q that the boundary-value problem
α(T ) = −π
has a solution. The above problem formulation allows calculating the tumbling
boundaries at a lower cost than the direct scanning. The results of application
96
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Figure 7 Tumbling boundaries depending on total velocity at H = 12 km; –x/c
= −0.05; and δ = 0◦ : 1 ¡ V = 110 m/s; 2 ¡ 75; and 3 ¡ V = 50 m/s

Figure 8 Trajectories near the tumbling boundary: 1 ¡ q(0) = 0.87q0 circle ; and 2 ¡
q(0) = 0.86q0 circle
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of this algorithm of computing the tumbling boundaries are shown in Fig. 7.
Trajectories near the calculated tumbling boundary are illustrated in Fig. 8.
Calculation of tumbling boundaries for the di¨erent aircraft and §ight parameters has shown that the tumbling boundary moves to the less pitch rates with
increasing the §ight altitude, or decreasing the total velocity, or increasing forward the aircraft center of gravity position.

4

CONCLUDING REMARKS

The problem of the tumbling boundaries of a generic wing-only aircraft has been
considered. With the use of continuation technique, periodic autorotation solutions have been calculated. The in§uence of §ight altitude, total velocity, center
of gravity position, elevator displacement, and initial conditions has been analyzed. The investigation has shown that the minimum initial pitch rate resulting
in tumbling motion decreases with of §ight altitude increasing, total velocity decreasing, center of gravity position forward displacement, and elevator positive
de§ection.
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