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The principal aim of this work is to elaborate a robust physical model
and the corresponding numerical code for prediction of the icing startup due to numerous water nanoparticles in the supercooled humid air.
For this purpose, a scienti¦ed approach was used which is based not
on the quantum-mechanics considerations but on the information about
intermolecular potentials (especially, LennardJones (LJ), etc.) tightly
connected with the state equations of the corresponding specie (e. g., van
der Waals for air and water and MieGr
unaisen for circum§uent body).
In other words, the principal idea of this work is to adequately ascribe
certain macroscopic characteristics of a water nanoparticle which may
signi¦cantly di¨er from those indicated in physical reference books for
bulk materials.

1

INTRODUCTION

The process of ice accretion on a body surface is being under investigation during
almost the whole aviation history but up today, the physics of this process needs
more deep understanding. It concerns, especially, an initial touch of a supercooled drop to a solid-body surface. Experimental and numerical simulation of
ice accretion of bodies in the air §ow with drops has been carried out for more
than 80 years (see, e. g., [14]). Physical processes which take place before water
particles approach the surfaces of elements of an aircraft construction (which
determines a wetting region) as well as accreted ice evolution were investigated
in [5, 6]. Supercoolled water droplet crystallization after impingement and its
adhesion (to an aircraft surface) mechanisms are the fundamental problems in
mechanics of multiphase §ows as well as in a condensed-matter physics.
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At all temperatures, gas consists not only of molecules (monomers) but also
of molecular clusters ¡ small nanoparticles with speci¦c properties and laws of
behavior. In particular, their presence makes unnecessary to achieve a critical
nucleus a∗c of in¦nitely large radius (in a moment of vapor saturation), which
follows from a well-known Thomson£s formula:
a∗c =

pv
2σ
ln
.
ρl Rv T
psv

(1)

This formula also gives an in¦nity value of a∗c for saturation pressure (pv
= psv (T )). In (1), σ and ρl are the water surface tension coe©cient and liquid
density, respectively; and R is the universal gas constant. Consider a nanoparticle to be a molecular cluster which consists of more than N = 100 molecules.
That is to say, it is impossible to use only quantum chemistry ab initio calculations in order to de¦ne nanodroplet behavior both in time and space. In
most cases, it is impossible to de¦ne an aggregate state of this particle: some
of its molecules behave like gas molecules, others like the liquid ones, and the
third ones have kinetic energy which corresponds to temperatures which are
close to absolute zero temperature. After impingement on a cold aircraft surface, water nanoparticles may form a water ¦lm with a width of several water
molecule diameters which will make for an intensive ice accretion regardless of
physicochemical properties of an aircraft surface. In the present paper, a model
of nanoparticle interaction with a solid body allows to determine condition at
which a nanoparticle could freeze down to a body surface.
As the characteristic scale (either spatial or temporal) of §uids is getting
smaller, investigations with experimental apparatus become di©cult. Conventional theoretical/numerical approaches can also be problematic when continuum mechanics and kinetic theory of §uid are no longer assumed a priori.
A use of quantum chemistry methods [7, 8] based on an approximate solution of
a Shr
odinger equation leads to ambiguous solutions and is extremely problematic for large molecular clusters (N & 20). Sometimes, theoretical approaches
(e. g., the well-known YoungLaplace equation for mechanical balance) lead to
incredible conclusions and unsettled problems, while experimental investigation
of nanoscale particles require extremely sophisticated techniques.
Another approach for nanoscale §uid phenomena is used in this work. Interaction of water nanoparticles in a carrying air with solid surface of the body
is investigated via molecular dynamics (MD) simulation techniques. This approach allows to calculate macroscopic characteristics (such as mass density,
pressure, surface tension, etc.) which depend on N and tend to table values for
a particle material when N → ∞. In comparison with the similar investigations
(see, e. g., [912]), in this paper, the more elaborated model is presented which
takes into account some essential physical e¨ects and additional parameters that
are controlled during the water particle approaching and impingement (on the
aircraft surface) investigation via MD technique.
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2

PHYSICAL MODEL, SIMULATION CONDITIONS

Throughout the simulation works in this paper, an MD technique was adopted
and based on the classical Newtonian mechanics. A model with the well-known
symmetrical LJ two-body interaction for the particle diameter was used to investigate time- and volume-averaged §uid properties. When necessary, more
elaborated interaction models and techniques (e. g., more complex intermolecular interaction potentials to investigate water crystals formations and physical mechanisms of self-organized systems [13], nonsymmetrical potentials with
charged and ionized molecules [12,14,15], quantum correction generalization water molecular dynamics [16], etc.) could be utilized. Potential energy of pair
interaction U (r) can be represented as a sum of orientation, induction, dipole
interaction energy, and also a repulsion interaction energy:
U (r) = Uor (r) + Uind (r) + Udisp (r) + Urep (r)

(2)

where
1
αp2e 1
;
6 ; Uind (r) = −
r
8π 2 ε20 r6
3
1
1
Udisp (r) = − α2 EI 6 ;
Urep (r) ∼ 12 .
4
r
r
Uor (r) = −

p4e
2 2
24π ε0 kB T

Here, pe is the dipole momentum of a molecule; α is the molecular polarizability;
EI is the energy of ionization; ε0 , kB , and ~ are the electrical, Boltzmann, and
Plank constants, respectively; and r is the distance between centers of inertia of
two molecules. A repulsion energy corresponds to the well-known quantum mechanical Pauli exclusion principle that no two identical fermions (particles with
half-integer spin) may occupy the same quantum state simultaneously. A system
of molecular dynamic equations of the ith water molecule with a mass mH2 O is
as follows:
m H2 O

N H2 O n
air
o N
X
X

dV i
−∇UHij2 O +
−∇UHik2 Oair
=
dt
j=1
k=1

+

N
wall
X
m=1


−∇UHim
+ mH2 O g + Fdis . (3)
2 Owall

The ¦rst, the second, and the third components of Eq. (3) are the forces which
act on the ith molecules from other water molecules, from air molecules, and
from the molecules of the surface, respectively. The last component, Fdis , describes the energy dissipation of the molecule which could exist. In this work,
it was not taken into account. The force of gravity is neglected. The LJ potential parameters were taken from the well-known Van der Waals equation of
5
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state constants: σH2 O = 2.6 ’
A and εH2 O = 809kB ∼
= 1.12 · 10−20 J. The wall
temperature was de¦ned via thermal quantum oscillation of the atoms of the
aircraft£s surface crystal lattice. It was possible to estimate characteristic frequencies and amplitudes of atoms of nanostructured hydrophobic material for
the aircraft surface.
A liquid particle consisting of 5015 000 molecules was generated and equilibrated at various temperatures close to the temperature of a §ying vehicle in the
aerosol §ow. The space around a particle is a cubic region; symmetrical boundary conditions for molecules were set for all horizontal and top directions. The
characteristic size of a cubic region is by onetwo orders higher than the characteristic size of a nanoparticle. On the bottom of a cubic cell, a wall boundary
condition was set. Assuming a potential interaction among particles (atoms or
molecules), the equations of motion are numerically integrated to trace the particle motions according to the algorithms which are close to the ones described
in [14, 17]. The BotlzmanMaxwell velocity distribution function was used for
molecules velocities in order to de¦ne a drop temperature. Onto the bottom wall,
the water nanoparticle was impinged at various angles with various mass center
initial speeds Vimp of nanoparticle from a ¦xed position. During the simulation,
water molecular radial distribution of velocity distribution function, density, temperature, intermolecular energy density, and pressure were controlled. For sure,
these parameters should depend on the dimension of the molecular cluster ¡
a nanoparticle. For example, the well-known Tolman£s formula [18] for dependence of surface tension σl on a drop radius may be regarded as an attempt to
reveal such a dependence. Intermolecular frequencies and amplitudes were calculated according to ab initio quantum chemistry calculations. The temperature
was controlled as an average thermal kinetic energy of molecules in a reference
frame connected with the inertial center of a nanoparticle. Calculating the speed
of the inertial center of a nanoparticle, it was assumed that a molecule belongs
to a particle if this molecule is located in the area with a particulate density
more than 10 kg/m3 .

3

3.1

PRESENTATION OF MACROPARAMETERS
IN TERMS OF NANOPARAMETERS
Temperature and Velocity Distribution of Molecules

Molecules were given velocities according to a well-known MaxwellBoltzmann
molecule velocity distribution law in a reference frame, which is connected with
the mass center of a nanoparticle. During all the simulation, the molecule velocity distribution was controlled as well as the temperature. Numerical simulation
showed an appearance of thermal oscillations which were gradually reducing with
6
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Figure 1 Molecular velocity distribution function in time for tiny water cluster (a)
(∼ 160 molecules) and for droplet (b) (∼ 2500 molecules)
time. During a numerical molecular dynamic simulation of a particle, the fastest
molecules near and under its surface can leave the drop and, as a result, the
molecular velocity distribution function changes. Some of water vapor molecules
impact with a particle and, as a result, they may become a part of this particle
changing its temperature and molecular velocity distribution function. Finally,
a dynamic equilibrium appears and amplitudes of oscillations reduce with an
increase of a number of molecules (Fig. 1). Numerical experiment showed that
inside a nanoparticle, a kinetic energy of molecules as well as a temperature
is lower than on the interphase drop boundary. This e¨ect reduces with the
increase of a drop size. It should be noted that as all molecules in a particle have signi¦cantly di¨erent velocities the particle temperature distribution
is also nonuniform. Temperature §uctuations in time and space were approximately 10 ◦ C.
3.2

Density Calculation

Density ρ of a nonoparticle depends on its size. With the increasing of the
particulate size Rp , its density tends to be closer to its well-known value in the
reference books. It should be noted that a thickness of interphase boundary of
a nanoparticle is comparable with a particulate size itself. Thermal motion and
oscillation of molecules lead to density §uctuations. In order to calculate a radial
density distribution ρ(r) (r is the distance from drop£s mass center) in a particle
7
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Figure 2 Drop density radial distribution depending on water particle size (a) and
density radial and temporary distribution for a droplet of 1080 molecules (b). Temperature is 10 ◦ C
let split its volume into spherical layers. In each layer, the number of molecules
which belong to these layers divide on a layer£s volyme –Vd and multiply by the
mass of a single molecule mH2 O :
ρ(r) = mH2 O
where
–Vp =

N (r + –r) − N (r)
–Vp

4
4
π(r + –r)3 − πr3 .
3
3

Figure 2 illustrates the dependence of a particle£s density radial distribution
on a water particle size at a temperature of surrounding wet (here, the humidity
of the air is approximately 5%) air approximately 10 ◦ C. Curve 1 corresponds to
a particle which consists of about 160 molecules. Curve 6 corresponds to a particle which contains approximately 4660 molecules. This ¦gure shows that the
particulate density becomes larger as the particle size becomes smaller. Density
§uctuations increase with the diminishing of a particle size. It is due to increasing of contribution of single molecules into calculated density. When a particle
size signi¦cantly larger than a characteristic size of a molecule, particle£s density tends to be closer to its well-known table value in the reference books. By
8
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Figure 3 Pressure in a water particle radial distribution depending on a particle
size (a) and pressure in a water particle radial and temporary distribution for a particle
of 1080 molecules (b). Temperature is ≈ 10 ◦ C
the way, let estimate the density of a water particle which consists from one
molecule:
m H2 O
3
≈ 3250 kg/m .
ρ (σH2 O /2) =
(4/3)π (σH2 O /2)3
It is three times bigger than a liquid water density at normal conditions. It is
interesting to note that a mass density in a particle is higher near the interphase boundary and strongly depends on a radius of curvature of a particle.
Figure 3 also shows a smooth diminishing of a particulate density with the increase of a distance from the interphase ¤boundary.¥ The larger is the particle,
the thicker is the interphase boundary and the smaller is the density peak in
the interphase ¤boundary.¥ So, a particulate density distribution depends on
temperature, amount and humidity of surrounding air, and the character of interaction of its molecules.
Figure 2 shows that increasing of water particle size leads to the ¤normal¥
density 1000 kg/m3 . This ¦gure also shows that the water radial density thermal
§uctuations vanish with the increase of a particle size. A drop density in the
atmosphere was also experimentally found to be 22.5 larger than water density
at normal conditions [19]. According to classical concepts, an interphase boundary has a transient layer liquidvapor: a density gradually decreases on this
9
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¤boundary.¥ On a ¤boundary¥ itself, there is a certain density drop of a ¦nite
size; with an increasing distance from this surface, a vapor density diminishes
down to the thermodynamically equilibrium value ρsv (T ) for saturation conditions for a given temperature [20]. In order to estimate a characteristic thickness
h of a transitional layer in a liquid, therepis its relation with the surface tension
2 i of action of cohesion forces:
coe©cient σl and with the equal radius hrm
h=

2
aV W hrm
i
(ρl − ρsv (T ))2
σl

where aV W is the parameter of van der Waals state equation. Numerical estimations show that a scale of thickness h is few nanometers. Thus, from a classical
point of view, a nanoparticle is a ¤transitional layer.¥
3.3

Pressure Calculation

Let cover the molecules in a liquid particle by concentric virtual spheres with
a radius rk whose centers situate in a mass center of a droplet. Pressure is
calculated as a molecules §ux of molecules through each sphere. Let N (t) be
an amount of water molecules that passes through the kth virtual sphere and
produces in a time interval t the following radial kinetic momentum:
N (t+–t)−N (t)

–pkr (t) =

X

N (t+–t)−N (t)

mH2 O Vri,k (t)ir = mH2 O

i=1

X

Vri,k (t) .

i=1

Here, Vr (r, θ, ϕ) = vx sin θ cos ϕ + vy sin θ sin ϕ + vz cos θ is the radial velocity
component which depends on polar and azimuth angles. So, pressure radial
distribution Pk is calculated as a force which acts on a virtual surface with
area 4πrk2 :
Pk = Pk (rk ) =

m H2 O
–pkr (t)
=
4πrk2 –t
4πrk2 –t
=

N (t+–t)−N (t)

X

Vri,k (t)

i=1

1
ε H2 O
3
2 
σH
4π
r
k –t
2O

N (t+–t)−N (t)

X
i=1

εH O
Vri,k (t) = 3 2 Pk .
σH2 O

3
∼
Here, εH2 O /σH
= 6828 atm is the pressure that associates pressure with a di2O
mensionless pressure Pk . In Fig. 3, one can see the results of numerical drop£s
pressure radial distribution: in Fig. 3a, there is radial pressure distribution that
depends on a drop£s size (curves 1, 2, and 3 correspond to droplets which consist of 647, 1080, and 2449 molecules) and in Fig. 3b, there is a pressure radial
distribution that changes in time and is calculated for a drop which consists of
1080 molecules.
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During the simulations, such macroparameters as radial distribution of temperature and potential energy density of molecular system were investigated in
time depending on droplet size, temperature, and the surrounding humid air
parameters.

4

PARTICULATE COAGULATION AND BREAKUP

In Fig. 4, there is an example of water drops collision in a humid air. Two water
particles (of approximately 2500 molecules) move towards one another with equal
speed (of their mass centers) 100 m/s and have an impact parameter b1 ≈ 0.5 nm.
After the collision, particles oscillate, rotate, and, ¦nally, split again with other
velocities, temperatures, and distance b2 between velocities directions. Use of
molecular dynamics enables to form a core of a collision integral in the integrodi¨erential kinetic equation for real gases as well as a molecular mechanism of
phase transitions, impact to each other, electrization, and mass-heat exchange
rates.

Figure 4 Stages of particles collision, rotation, and breakup

5

DROPLET APPROACHING AND IMPINGEMENT
UPON A ¤RIGID¥ BODY

In order to investigate a particulate behavior (in dependence on its size as on
other parameters) in the process of its impingement on the aircraft surface, the
physics of this process should be de¦ned. One may calculate amplitudes of atom
oscillation of a solid body in the aerosol §ow via energy considerations. Energy
of phonons of the ith acoustic branch with a wave vector k is as follows:

−1 1 
~ωi (k)/(kB T )
Ei (k) = ~ωi (k)
e
−1
+
2
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where ωi (k) is the frequency of oscillatory mode. From other hand, it is possible
to present this energy Ei (k) in terms of average potential and kinetic energies of
atom£s (with a mass mA ) oscillations with an amplitude –a(k). For a harmonic
oscillator, an average kinetic energy equals an average potential energy:

−1 1 
mA ωi2 (k)–a2i (k)
~ωi (k)/(kB T )
= ~ωi (k) e
−1
+
.
Ei (k) = 2
2
2

One can obtain a mean square amplitude of atoms oscillations via the Brillouin zone averaging as well as all the branches of oscillations averaging of –ai (k):
 
3
1 XX 2
9~2
T
–a2i (T ) =
ai (k) =
I
Nc i=1
4mA kB θd
θd
k

where Nc is the number of elementary crystal cells and
I



T
θd



=1+4



T
θd

2 θZd /T
0

x2 dx
.
ex − 1

The properties of crystal lattice and the results of numerical calculations are
given in Table 1.
For a solid body with a cubic sell crystal lattice,
q a length√of one cell is
p
3
a = nµ/(ρNA ); for ice with a hexagonal cell, a = 3 2nµice/(3 3 ρice NA ).
From the quantum theory, one has:
 
9~2
T
mA hc2w i
kB T
kw –a2
= kw
I
=
=
.
2
8kB θd
θd
2
2
Here, hc2w i is the mean-square velocity of wall atoms.
From the elasticity theory, one has:

2
p

2
2k
θ
T
/3~
B
d
ES
Eγ
a
J 2 (θd T )
√
kw =
=
=
=
.
3
a
a
I(T /θd )
I(T /θd )
n
Table 1 Properties of crystal materials at temperature −10 ◦ C
Material ρ, kg/m3 µ, g/mol
Al
2699
26.982
Fe
7874
55.847
Ice
917
18.015

N
4
2
2

a, ’
A E, Pa
4.049 68 · 109
2.867 186 · 109
2.848 5 · 109

θD , K
394
460
192

–a, ’
A
0.173
0.147
0.603

ω, 1012 s−1
16.69
19.29
8.31

Remarks: ρ ¡ density; µ ¡ molar mass; N ¡ number of atoms per one cell; a ¡
length of one cell; E ¡ Young modulus; θD ¡ Debye temperature; –a ¡ atoms
amplitude oscillations; and ω ¡ atoms frequency oscillations.
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Here,
γ=

J 2 (θd T )
kw a
= p

√
2
3
E µ/ (nρNA ) I(T /θd )
E a/3n

is the coe©cient which de¦nes a di¨erence between a theory of elasticity and
quantum theory. Calculations show that for wide range of materials, a coe©cient γ is approximately equals unity (γ ≈ 1) in a range of temperatures which
corresponds to the §ying conditions of an aircraft. That is to say, both quantum and elasticity theories can be used in order to estimate solid body atom£s
oscillations amplitudes and frequencies. From equations
kB T
,
h(ω–a )2 i ∼
= hω 2 ih–a2 i; hc2w i ∼
=
mA
one can obtain
hω 2 i =

J 2 (θd T )
.
I(T /θd )

There is no need to use molecular dynamics for solid body atoms thermal
oscillations simulation, it consumes huge amounts of computer power. In the
present work, crystal lattice atoms moved only
in a thin layer with a thickness of several atom
sizes (Fig. 5). In order to take into account
interaction with more ¤deep¥ atoms of a solid
body (which are below the described above thin
layer), let obtain a potential which describes interaction of single water molecule (which is situated in a distance h from a solid body surface) with all atoms of a solid body crystal lattice (see Fig. 5). The wall is assumed to be
a crystal lattice whose atoms interact with water molecules via LJ law with the following parameters: εw = χεH2 O and σw ≈ σH2 O . Let
split the wall into numerous thin plane layers
with a thickness dy, all these layers are parallel to a solid body surface (see Fig. 5). Let
split each layer on rings with radius r and width
dr. So, a number of molecules in a layer with
the height dy and the area 2πr dr equals to dN Figure 5 Scheme of interac= 2πr drdyρw /mA . The potential energy of in- tion of a water molecule with
teraction between a water molecule and a thin the surface
ring will be as follows:
13
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σw

dU = dN 4εw  p
y 2 + r2

!12

σw

!6 

 cos α
p
y 2 + r2

!12
!6 
σ
σ
ρw
w
w
p y
· 4εw  p
− p
;
= 2πr drdy
2
2
2
2
mA
y +r
y +r
y 2 + r2

U (h) = 8π

ρw
εw
mA

Zh

y dy

y=−∞

Z∞

r=0

−



 p σw
y 2 + r2
=

!12

−

8 ρw
3
πεw σw
15 mA

σw
p
y 2 + r2

!6 

 p r dr
y 2 + r2
 9  3 !
5 σw
σw
−
. (4)
33 h
h

This new potential can be used for calculations of water molecules interaction
with a solid body surface. More complex model based on nonsymmetrical potentials [12, 15] can be obtained in a similar way.
In Fig. 6, curve 1 corresponds to the ordinary LJ potential interaction between two single molecules U (r). Curve 2 corresponds to the potential interaction between a water molecule and an in¦nite water body according to Eq. (4).
Curves 3 and 4 correspond to the interaction between a water molecule and
hydrophilic and hydrophobic surfaces. Finally, curve 5 corresponds to a superhydrofobic surface whose atoms would repulse water molecules at each distance.
In this case, a repulsion force between water molecule and a surface is inversely
proportional to the distance between a molecule and a surface in the 3rd power.

Figure 6 Potentials of molecular interactions: 1 ¡ water LJ potential; 2 ¡ wall
potential for water wall; 3 ¡ wall potential of a hydrophobic surface; 4 ¡ wall potential
of a hydrophilic surface; and 5 ¡ wall superhydrofobic surface
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Numerical simulations are usually carried out with continuum hydrodynamics
schemes, gas kinetic theory equation, and sophisticated quantum-mechanical calculations. Well-known methods of quantum chemistry cause enormous computer
power to calculate a molecular con¦guration of a nanoparticle ¡ a big molecular cluster. Here is a review of the present authors£ recent progress in studies
of droplet impingement process by MD simulation, in which the in§uence of
governing parameters on a particle dynamics, such as wettability, impingement
speed, particulate size, water, air and surface temperature, and energy of surface interaction were investigated. During the impingement, limiting wetting
angles in addition to above described physical parameters were estimated and
controlled.
In case of hydrophilic surface, a nanoparticle starts to spread after the collision and reaches the ¦nal state, in which the shape of nanoparticle depends
on the impinging speed. The initial behavior of deformation on a hydrophobic
surface looks similar but later, the liquid nanoparticle bounces back.
Various quantities were de¦ned in order to examine the water nanoparticle behavior during the impingement such as particulate height, contact area,
contact angles, direction of the liquid §ux inside the liquid nanoparticle ¡ the
droplet. Figures 7 and 8 are the examples of water particles interactions with
hydrophilic and hydrophobic surfaces: one can see that for the same temperatures, the nanoparticle is adhered to a hydrophilic surface and rebounds from
a hydrophobic surface.
Hence, these investigations allow to ¦nd a region (in a space of a multitudes
of aircraft §ight parameters: temperature, particulate size, pressure, air density
and humidity, etc. and properties of circum§uent body material) in which water
particles cannot freeze and adhere to elements of aircraft construction.
There could be two relevant factors [11] in choosing the speed of impingement
Vimp . One is the Reynolds number Re = ρVimp Rp /µAir which indicates the e¨ect
2
of viscosity. The other is the Weber number de¦ned as We = ρVimp
Rp /σl that
shows how the e¨ective surface tension a¨ects the system. Fluids with the same
Re and We are expected to show a similar behavior.
In order to take into account electrization of water drops and particles during
their impingement, let consider the following. If a droplet carries charge q = Ze
(here, Z is the number of electrons in a drop or a particle), the character and
intensity of its interaction with a solid body changes: besides described above
(see Eq. (2)), the forces which act on water molecule are the force of molecular
theory of electrization:
Fewall = −

e2
1
2h .
4πε0 (2h)3

If the force acting on the electron in a water molecule is higher than a gradient
of an electron a©nity to a molecule potential (Fewall > e (−∇ϕaf )), this electron
begins to move across the water particle towards a solid body.
15
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Figure 7 Water nanoparticle wall-mass-heat exchange on a hydrophilic surface; the
droplet temperature as well as temperature of surrounding gas and a solid body crystal
lattice oscillations is −10 ◦ C

Figure 8 The same as in Fig. 7 but for the droplet two times larger and for hydrophobic surface

6

EXPERIMENTAL VERIFICATION
OF THE RESULTS. AN INVERSE PROBLEM

To determine the laws of water molecule interaction with solid aircraft surface,
let state and solve an inverse problem. According to the physic assumptions, it
is worth to consider that ice water molecules interact with crystal lattice atoms
via LJ law:
 12  6 !
σw
σw
U (r) = 4εw
−
.
r
r
There are two unknown constants εw and σw which should be found. If one
measures an adhesion force between the ice and the solid body in normal and
tangential directions, it is possible to obtain a system of two equations which
enables to ¦nd the described above constants.
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Let consider a small fragment of a solid body with an area L × L and a height
Hwall . The fragment of accreted ice also should be considered with the same
horizontal dimensions but a height Hice .
If one summarizes all forces which act between lattice atoms and ice molecules, the adhesion force which acts between ice and a body can be obtained.
Knowledge of ice crystal structure as well as a crystal structure of a solid body
material enables to set the coordinates of the ice and the solid body. An experimental measurement of force in normal and tangential direction gives two
equations from which one can ¦nd two constants of the described above potential: εw and σw . The force which acts between the ice molecule and a solid body
atom is as follows:


∂r
∂r
∂U ∂r
i+
j+
k
f (r) = −∇U (–r) = −
∂r ∂x
∂y
∂z
 7
 13 !
24εw
σw
σw
=
−2
[xi + yj + zk] .
r
r
σw r2
The force which acts between all atoms of an ice crystal and a solid body is as
follows:
XX
F(r) =
f (r) ,
N1 N2

or

1

F(r) =

2

N1 N2


7

13 !
σw
σw
24εw
−2
r1 − r2
r1 − r2
σw (r1 − r2 )2
k1 k2
 1


 
× xi1 − x2i2 i + yj11 − yj22 j + zk11 − zk22 k . (5)
1

2

Nx Nx
y
y Nz Nz
X
XX
X
XX
i1

i2

j1

j2

q
2
2
2
Here, r1 − r2 =
x1i1 − x2i2 + yj11 − yj22 + zk11 − zk22 . From Eq. (5), one
may have a system of two equations for normal and tangential force components:
2

1

Fnorm = εw

x
Ftang
= εw

N1 N2

1

i1

i2

1

2

j1

j2

k1

k2

N1 N2

1

2

Nx Nx
y
y Nz Nz
X
XX
X
XX
i1

i2

j1

j2

k1

24
σw (r1 − r2 )2



24
σw (r1 − r2 )2



2

Nx Nx
y
y Nz Nz
X
XX
X
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Here,
s

=

Nz1

=L

3

ρNA
; Ny1 = Hice
µH2 O

s

ρNA
;
µH2 O
s
s
ρN
ρNA
A
; Ny2 = Hwall 3
.
Nx2 = Nz2 = L 3
µwall
µwall
Nx1

3

From this system of equations after measurement of forces of adhesion in
normal and tangential directions, one can ¦nd two LJ parameters for interaction
between single atom and a water molecule. Knowing these constants provides
a physical mechanism of the adhesion force (between ice and a rough nanostructured surface) which can be used in numerical simulations of ice accretion.
After obtaining the values of these parameters, one can create a fragment of
a rough (or nanostructured aircraft surface as well as a surface which is covered
by antiicing liquid) in order to calculate a force which keeps the ice on aircraft
surface. After precisely calculating the force which acts on a tiny fragment of
a surface, it is easy to obtain a value of ice adhesion force which acts on a bigger
fragment whose size equals the size of a mesh in numerical simulations. Numerical calculations of the ice accretion could decrease a number of expensive §ight
experiments as well as ground tests for ice accretion investigations.

7

CONCLUDING REMARKS

Macrocharacteristics of a nanoparticle are presented in terms of intermolecular
interaction laws. The method is derived to determine an area in the multiparameter domain of §ight conditions (velocity, temperature, cluster dimensions,
etc.) in which a water nanoparticle could freeze upon the aircraft surface and to
determine the laws of collision of water nanoparticles in order to de¦ne a physical mechanism of condensation. Measurements of adhesion forces between the
ice and an aircraft surface allow to determine the laws of interaction between
a water molecule and a surface atom. A procedure of ice adhesion simulation
is proposed in order to take into account a cicum§uent body surface nanorelief
and special chemical properties of the material.
Additional Remarks
If the water or ice particulate is regarded as the macroscopic one, it should follow
a certain averaged trajectory, and the larger is the particulate, the more readily
it impinges a circum§uent body. However, the real movement of the particulate
corresponds not only to the averaged line, but also to the Brownian and turbulent
18
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pulsations, whose role augments with diminishing of the particulate dimension.
In the limit of a single molecule, it may impinge the solid body surface due to
thermal stochastic inclination from the gas §ow lines. As a result, the particle-tosurface impingement probability depends on the particle size nonmonotonically
but never tends to zero.
So, the present investigations had two aims: ¦rst, to take into consideration
such a possibility not for a molecule, but also for a molecular cluster; and second,
to derive an algorithm which could be readily used in the limit of the larger drops
(in the micrometer scale) when computation techniques would become mighty
enough.
As a result, a domain in the multiparameter space of the §ight conditions
(velocity, temperature, liquid water content, etc.) and physical properties of
the water-to-surface contact (wetting angle, surface energy density, etc.) may
be determined in which there is no ice accretion. Consequently, corresponding
recommendations could be formulated for the industry of materials in terms of
physical properties which are easily measured in laboratory conditions.
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