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TRANSPORT PROPERTIES
OF PARTIALLY IONIZED ATOMIC GASES
WITH ELECTRONIC EXCITATION
V. A. Istomin and E. V. Kustova
Department of Mathematics and Mechanics, Saint Petersburg State University
28 Universitetskiy pr., St. Petersburg 198504, Russia

Chemically nonequilibrium ionized gas mixture §ows of (N, N+ , e− ) and
(O, O+ , e− ) with electronic excitation of neutral component are studied.
The one-temperature model of transport properties taking into account
electronic states of neutral atoms is developed. The transport coe©cients of thermal and electrical conductivity, di¨usion and thermal diffusion, shear and bulk viscosity are calculated in the temperature range
50050,000 K for various mixture compositions. Contribution of the
electronic degrees of freedom to the transport properties is found to be
important.

1

INTRODUCTION

Transport properties of gases with internal degrees of freedom and chemical reactions are widely discussed in the literature [14]. However, in the majority
of studies, only translational, rotational, and vibrational degrees of freedom are
taken into account in the transport algorithms. In [5], it was shown that electronic excitation in§uences signi¦cantly the internal speci¦c heats and thus may
a¨ect also the transport coe©cients. When electronic degrees of freedom are neglected, atomic species are considered as structure-less particles possessing only
translational energy; therefore, neither internal heat conductivity nor bulk viscosity appear in the expressions for the heat §ux and mean normal stress. In
high-temperature §ows, such assumptions may lead to inaccurate predictions of
§ow parameters.
The transport processes in the electronically excited hydrogen plasma (H, H+ ,
−
e ) near chemical equilibrium were extensively studied in [6, 7] except the e¨ect
of bulk viscosity. In the authors£ recent papers [8, 9], nonequilibrium neutral
mixtures N2 /N and O2 /O with electronically excited atoms and molecules were
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considered. In both weak and strong nonequilibrium cases, for the temperature
higher than 10,000 K, it was found that the coe©cient of electronic heat conductivity is comparable and even exceeds that of the translational degrees of
freedom.
In the present paper, the theoretical model proposed in [8, 9] is generalized to the case of high-temperature chemically nonequilibrium gas mixtures
containing electrons, ions, and electronically excited atoms. The (N, N+ , e− )
and (O, O+ , e− ) mixtures are considered. Using the modi¦ed ChapmanEnskog
method [4], the closed set of governing equations in the zero- and ¦rst-order approximations is derived and the expressions for the di¨usion velocities, electrical
current density, heat §ux, and stress tensor are obtained. The algorithm for the
calculation of transport coe©cients taking into account slow convergence of the
Sonine polynomials is developed. The new e¨ects of bulk viscosity and internal
thermal conductivity in atomic species are discussed, and the conditions when
the electronic states should be taken into account for the accurate evaluation of
transport properties are speci¦ed.

2

MACROSCOPIC PARAMETERS
AND GOVERNING EQUATIONS

In the current paper, a one-temperature chemically nonequilibrium §ow of gas
mixtures (N, N+ , e− ) and (O, O+ , e− ) is considered. For gas mixtures, it is assumed that the following relation between characteristic times is held:
τtr < τel ≪ τioniz ∼ θ .
Here, τtr , τel , and τioniz are the characteristic times for the elastic collisions,
excitation of electronic degrees of freedom, and ionization; θ is the mean time
of the gasdynamic parameters variation. For this relation, ionization can be
considered on the basis of the maintaining MaxwellBoltzmann distributions
over the velocity and internal energy.
In the present study, the electronically excited states of atomic species are
taken into account. Thus, the internal energy of atoms is modeled as [8] εat
c,l
= εc,el (l) where εc,el (l) is the energy of the lth electronic state of the chemical
species c. The electronic states of atoms are provided in [5]. The ionized atoms
and electrons are treated as unstructured particles.
The closed set of governing equations for the macroscopic parameters taking into account electronic degrees of freedom of atoms is derived from the kinetic equations for the distribution function fcl (r, u, t) (r is the coordinate, u is
the particle velocity, and t is the time) using the generalized ChapmanEnskog
method [4, 8]. In the absence of external forces and electromagnetic ¦elds, the
governing equations have the following form:
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dnc
+ nc ∇ · v + ∇ · (nc Vc ) = Rcioniz , c = 1, 2, 3 ;
dt
dv
ρ
+ ∇P = 0 ;
dt
dU
+ ∇ · q + P : ∇v = 0 .
ρ
dt
Here, nc is the number density of species c; v is the gas velocity; U is the
total speci¦c energy including electronic degrees of freedom; Vc is the di¨usion
velocity; Rcioniz is the production term due to ionization; ρ is the mixture density;
P is the pressure tensor; and q is the heat §ux.

3

ZERO- AND FIRST-ORDER APPROACHES

In the zero-order approximation of the modi¦ed ChapmanEnskog method, the
distribution functions represent the local equilibrium MaxwellBoltzmann distributions of atoms over the velocity and internal energy, and nonequilibrium
distribution over chemical species:

3/2


mc
nc scl
mc c2c
εcl
(0)
exp −
fcl =
−
2πkT
2kT
kT
Zcint (T )
where mc is the mass of a particle of the cth species; T is the temperature; cc
= uc −v is the peculiar velocity; k is the Boltzmann constant; scl is the statistical
weight for the internal state l; and Zcint (T ) is the equilibrium internal partition
function:


X
εcl
int
.
Zc (T ) =
scl exp −
kT
l

A substantial di¨erence from the models developed earlier is that for atoms,
not only the Maxwell velocity distribution is obtained, but also the Boltzmann
distribution over the electronic energy levels. For ionized atoms and electrons,
the distribution function represents the Maxwell velocity distribution.
In the ¦rst-order approximation of the modi¦ed ChapmanEnskog method,
the distribution function is obtained in the following form:
(1)

fcl
=

(0)
fcl

1
1X d
1
1
1
− Acl · ∇ ln T −
Dcl · dd − B cl : ∇v − Fcl ∇ · v − Gcl
n
n
n
n
n
d

!

.

The ¦rst-order correction depends on the gradients of all macroscopic parameters
and contains the unknown functions Acl , Dcl , B cl , Fcl , and Gcl which are found
from the linear integral equations similar to those derived in [4].
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The expressions for the pressure tensor, di¨usion velocity, energy §ux, and
electrical current §ux in a viscous conductive §ow are derived using the modi¦ed
ChapmanEnskog method procedure:
P = (p − prel )I − 2ηS − ζ∇ · vI ;
X
Vc = −
Dcd dc − DT c ∇ ln T ;
d

q = −λ′ ∇T − p
J=

X
c

X

DTc dc +

c

nc ec Vc = −

X
cd

X
c

′

σcd dd −

(1)
(2)

ρc hc Vc ;

(3)

X

(4)

c

φc ∇T .

Here, S is the deformation rate tensor; I is the unity tensor; dc is the di¨usive
driving force; hc is the speci¦c enthalpy of species c; and ec is the charge of
′
species c; and dc is connected with di¨usive driving force dc in the following
form:
!−1
X ni e i
′
ec
p
−
dc .
dc =
ρc m c
ρ
i
In Eqs. (1)(4), η and ζ are the shear and bulk viscosity coe©cients; prel
is the relaxation pressure; Dcd and DT c are the di¨usion and thermal di¨usion
coe©cients; λ′ = λtr + λint is the partial thermal conductivity coe©cient including contributions of the translational and internal degrees of freedom; and σcd
and φc are the electrical conductivity and partial thermal-electric coe©cients,
respectively.
Note that the normal mean stress in this case includes the terms ζ∇ · v and
prel associated, respectively, with the §ow compressibility and the contribution
of nonequilibrium ionization reactions.

4

TRANSPORT COEFFICIENTS

In order to calculate the transport coe©cients, the unknown functions Acl , Dcl ,
B cl , Fcl , and Gcl are expanded into the series of the Sonine polynomials in the
(r)
reduced peculiar velocity Sν and WaldmannTr
ubenbacher polynomials in the
(p)
internal energy Pl [4]. Note that in the case of ionized gases, due to the slow
convergence of Sonine polynomials, it is not su©cient to keep in the expansions
only the ¦rst nonvanishing terms. In the present study, the terms r = p = 0;
r = 1, p = 0; r = 2, p = 0; and r = 0, p = 1 are retained [2]. The transport
coe©cients are expressed in terms of the expansion coe©cients:
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λ′ =
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X 5 nc
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4 n
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and cint,c is the internal speci¦c heat at constant volume related to the electronic
degrees of freedom. On the basis of calculated di¨usion coe©cients Dcd , it is
possible to calculate the electrical conductivity:
!
X ni e i
n c e c ρc e c
d
σc =
−
Dcd .
p
mc
ρ
i
The present authors use the standard procedure of the ChapmanEnskog
method [4] and show that the integral equations for the unknown functions
are reduced to the transport linear systems of algebraic equations involving the
bracket integrals as coe©cients. The bracket integrals are simpli¦ed applying
the commonly used assumptions proposed by Mason and Monchick [1]. The
transport coe©cients are then calculated numerically as the solutions of the
transport linear systems using the Gauss method [4].
Finally, all transport coe©cients are expressed in terms of the collision in(l,r)
tegrals Ÿcd and integrals β depending on the energy variation –ǫ in inelastic
(l,r)
collisions. The integrals Ÿcd are calculated using the data from [10] for all
types of collisions: neutralneutral, neutralcharged, and chargedcharged interactions. For the transitions between electronic states, there is no accurate
data on the relaxation times, which is necessary for calculating integrals β. The
authors propose to approximate the corresponding integral using the deactivation
rate constants for the transition from the ¦rst to the ground electronic state [9].
The deactivation rate constants k10 are taken from [11, 12]: k10N = 10−19 m3 /s
and k10O = 8 · 10−18 m3 /s.

5

RESULTS AND DISCUSSION

The transport coe©cients were calculated for the (N, N+ , e− ) and (O, O+ , e− )
mixtures in the temperature range 50050,000 K using the approach developed
above. The results show that electronic excitation has a signi¦cant e¨ect on the
thermal conductivity coe©cient.
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Figure 1

Thermal conductivity coe©cient as a function of temperature for
(N, N+ , e− ) (a) and (O, O+ , e− ) (b) mixtures: 1 ¡ xatom /xion /xe = 0.90/0.05/0.05;
2 ¡ 0.96/0.02/0.02; 3 ¡ 0.90/0.01/0.01; and 4 ¡ xatom /xion /xe = 1/0/0

In Fig. 1, the total thermal conductivity λ′ as a function of T is presented
for four cases corresponding to di¨erent mixture compositions: xatom = 0.9, xion
= xe = 0.05; xatom = 0.96, xion = xe = 0.02; xatom = 0.98, xion = xe = 0.01; and
xatom = 1, xion = xe = 0 (xatom , xion , and xe are the molar fractions of atoms,
ions, and electrons). For a pure atomic gas, the thermal conductivity coe©cient
has a strong maximum in the temperature range T = 22,00026,000 K. The
thermal conductivity coe©cient λ′ of mixtures also increases in this temperature
interval; however, it remains lower than that for atoms, except for 98%/1%/1%
composition. Thus, one can conclude that the most signi¦cant contribution
to the total thermal conductivity of (N, N+ , e− ) and (O, O+ , e− ) mixtures in
the temperature range T = 22,00026,000 K is given by electronic excitation
of atomic components. In the temperature range T = 30,00050,000 K, the
contribution of electrons to thermal conductivity becomes more important. This
is explained by the fact that electrons are the light and fast particles, and with
the temperature rise, their role in the heat transfer increases.
In Fig. 2, the contribution of the electronic states to the thermal conductivity coe©cient λ′ of atomic species and various mixtures of nitrogen and oxygen plasmas is shown. For such conditions, the coe©cient of internal thermal
conductivity λint in the temperature range 18,00024,000 K is approximately
4 times larger than the corresponding translational thermal conductivity coe©cient. Thus, we can conclude that the e¨ect of atomic electronic states on the
thermal conductivity coe©cients is signi¦cant.
Figure 3 presents the coe©cient of thermal conductivity λ′ calculated as a
function of xatom at ¦xed temperatures: in the mixture (N, N+ , e− ), T
= 22,000 K, and in the mixture (O, O+ , e− ), T = 24,000 K. Fixed values of
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Figure 2 Total and translational thermal conductivity coe©cient as a function of
temperature for (N, N+ , e− ) (a) and (O, O+ , e− ) (b) mixtures. Curves with symbols correspond to atoms with electronic excitation whereas symbols designate the
results obtained neglecting electronic states: 1 ¡ xatom /xion /xe = 0.90/0.05/0.05;
2 ¡ 0.96/0.02/0.02; 3 ¡ 0.90/0.01/0.01; and 4 ¡ xatom /xion /xe = 1/0/0

Figure 3 Thermal conductivity coe©cient λ′ as a function of natom : 1 ¡ N/N+ /e− ,
T = 22,000 K, and 2 ¡ O/O+ /e− , T = 24,000 K

temperature correspond to the maxima of the atomic speci¦c heats. The thermal conductivity coe©cients have a maximum at 98%/1%/1% mixture composition. But other compositions increase signi¦cantly with the rise of atomic species
concentration. This con¦rms the authors£ conclusion that the most important
contribution to the thermal conductivity coe©cients in the temperature range
T = 15,00035,000 K is given by atoms, and the main role belongs to the atomic
electronic states.
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Figure 4 Shear viscosity coe©cient η as a function of T (a): 1 ¡ xatom /xion /xe
= 0.96/0.02/0.02; and 2 ¡ xatom /xion /xe = 1/0/0. Filled symbols refer to N, and
empty to O

Figure 5 Shear viscosity coe©cient η as a function of natom : 1 ¡ N/N+ /e− , T
= 22,000 K; and and 2 ¡ O/O+ /e− , T = 24,000 K

The coe©cient of shear viscosity η for the (N, N+ , e− ) and (O, O+ , e− ) mixtures is given in Figs. 4 and 5 as a function of T and xatom . The shear viscosity
for pure gases increases with temperature. For ionized mixtures, in the temperature range T = 40,00050,000 K, the contribution of electrons to shear viscosity
becomes more important. For this temperature range, the shear viscosity coef¦cient slowly decreases.
Figures 6 and 7 present the coe©cient of bulk viscosity ζ as a function of T
and xatom . With the rise of T , the bulk viscosity coe©cient behaves nonmonotonically; for atomic oxygen, the bulk viscosity coe©cient remains lower than
that for atomic nitrogen. This is explained by the fact that the deactivation rate
constants of atomic oxygen is about two orders of magnitude larger than that for
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Figure 6 Bulk viscosity coe©cient ζ as a functions of T : 1 ¡ xatom /xion /xe
= 0.90/0.05/0.05; 2 ¡ 0.96/0.02/0.02; 3 ¡ 0.98/0.01/0.01; and 4 ¡ xatom /xion /xe
= 1/0/0. Filled symbols refer to N, and empty to O

Figure 7 Bulk viscosity coe©cient ζ as a functions of natom : 1 ¡ N/N+ /e− , T
= 22,000 K; and 2 ¡ O/O+ /e− , T = 24,000 K

atomic nitrogen. For (N, N+ , e− ) and (O, O+ , e− ) mixtures, the bulk viscosity
increases with the rise of the atomic molar fraction in the mixture.
The coe©cient of electrical conductivity σcd as a function of T for (N, N+ , e− )
and (O, O+ , e− ) mixtures for constant mixture composition is given in Fig. 8.
Analyzing the results, one can conclude that electronic excitation has a strong
in§uence on thermal conductivity and bulk viscosity coe©cients. On the other
hand, its contribution to the remaining transport coe©cients: shear viscosity,
di¨usion, and electrical conductivity is negligible. In the temperature ranges
T = 5005000 K for nitrogen and T = 5007000 K for oxygen, the contribution
of electronic excitation to the thermal conductivity coe©cient is weak (< 7%).
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Electrical conductivity coe©cient σcd as a function of T for mixtures
N/N /e (0.98/0.01/0.01) (¦lled symbols) and O/O+ /e− (0.98/0.01/0.01) (empty
symbols: 1 ¡ σN+ e− ; 2 ¡ σN+ N+ ; 3 ¡ σe− e− ; 4 ¡ σO+ e− ; and 5 ¡ σO+ O+

Figure 8
+

−

With the temperature rise, the in§uence of electronic states on the thermal
conductivity coe©cient increases, and in the temperature ranges T = 5000
11,000 K for nitrogen and T = 700013,000 K for oxygen, neglecting electronic
excitation may give an error up to 15%. Finally, for higher temperatures, the
internal (electronic) thermal conductivity may be three times larger than that for
the translational degrees of freedom, which means that the electronic excitation
gives the main contribution to the thermal conductivity coe©cient.
It should be noted that in the present study, the heat transfer due to radiation
is not considered. It is evident that for high temperatures, the radiative heat §ux
is of great importance, and it should be taken into account in the energy equation
for the correct prediction of the §ow parameters and total energy §ux. However,
the radiation does not in§uence the transport coe©cients and, therefore, the
main conclusions of this study are not a¨ected by including or neglecting the
radiative heat transfer. Moreover, as it is shown in [13], the heat transfer in
chemically nonequilibrium §ows is much less than that provided by the Planck
function.

6

CONCLUDING REMARKS

A theoretical model for the transport properties in mixtures of ionized nitrogen (N, N+ , e− ) and oxygen (O, O+ , e− ) with electronic excitation of atoms is
developed. On the basis of the proposed model, the heat conductivity, electri542
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cal conductivity, di¨usion, thermal di¨usion, shear viscosity, and bulk viscosity
coe©cients are calculated in the temperature range 50050,000 K. The e¨ect of
electronic excitation on the transport properties is evaluated. It is shown that
for T > 10,000 K, accounting for electronic excitation becomes necessary for the
correct calculation of the thermal conductivity coe©cients calculation. Signi¦cant contribution of electrons to thermal conductivity in the temperature range
T = 30,00050,000 K is emphasized.
The results of this paper may improve the accuracy of the modeling for the
spacecraft reentry.
Further improvement of the model requires taking into account electronic
excitation of ions. Moreover, including neutral and ionized molecular species is
necessary to improve the model.
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