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The possibility of model reduction using global modes is readdressed,
aiming at the controlling of a globally unstable separation bubble in-
duced by a bump geometry. A combined oblique and orthogonal pro-
jection approach is proposed to design an estimator and controller in a
Riccati-type feedback setting. The dimension of the reduced-order model
is optimized using an input�output criterion. The full-state linear insta-
bility dynamics is shown to be successfully controlled by the feedback
coupling with controllers of moderate degrees of freedom.

1 INTRODUCTION

Separated boundary layer §ows are ubiquitous in both external and internal
practical §ows, like the rear of a vehicle or wings at high incidence. They are
often associated with strong instabilities with a broad frequency spectrum which
are still not entirely understood, despite a longstanding theoretical, numerical,
and experimental e¨ort [1, 2]. As an archetype con¦guration, the backward-
facing step, showing various phenomena associated with §ow separation, has
been often considered for the purpose of control. Feedback and instantaneous
control strategies have been developed for this §ow case, for instance, to reduce
the recirculation bubble length in the laminar §ow case [3] or to increase mixing
in turbulent §ow [4]. In the present paper, a recirculation region created by a
boundary layer encountering a shallow bump is considered. For the same §ow
geometry, the instability behavior has been analyzed recently in [5], using the
numerical global instability setting. This §ow con¦guration and the associated
numerical model are appropriate for feedback control in the context of linear
systems approach to §ow control, which has found a lot of attention during the
last decade (see the review [6]).

Progress in Flight Physics 3 (2012) 471-482 
© Owned by the authors, published by EDP Sciences, 2012

This is an Open Access article distributed under the terms of the Creative Commons Attribution-Noncommercial License 3.0, 
which permits unrestricted use,  distribution,  and reproduction in any noncommercial medium,  provided the original work is 
properly cited.

Article available at http://www.eucass-proceedings.eu or http://dx.doi.org/10.1051/eucass/201203471

http://www.eucass-proceedings.eu
http://dx.doi.org/10.1051/eucass/201203471


PROGRESS IN FLIGHT PHYSICS

Given the extensive degrees of freedom of the §ow dynamics, dynamical sys-
tem control theory can, however, hardly be applied to the full §ow state and the
issue of model reduction is intimately related to the control issue. Very recently,
the input�output formulation of §ow control problems has led to promising re-
sults with regard to model reduction and it has been successfully applied to the
control of channel §ow [7] or the §at-plate boundary layer [8]. The projection
basis in this approach is optimal with respect to observability and controllabil-
ity for the speci¦c actuators and sensors considered. Some attempts have also
been made to exploit in the model reduction procedure the underlying physical
mechanisms of the §ow instability and, in particular, to use the global modes
for projection. This approach has been applied to a shallow cavity [9] with some
success. Very recently, the reliability of model reduction using global modes has
been questioned in [10], considering an open square cavity. The performance
of the resulting compensator obtained via bi-orthogonal projection for this non-
normal §ow case is shown in [10] to be less e©cient, in comparison with models
based on proper orthogonal decomposition and balanced modes. However, while
the latter methods are designed to optimally reproduce the input-output behav-
ior, they necessitate the computation and the approximation in a time-stepping
procedure of the Gramians associated with controllability and observability [11].
In the present work, the possibility of model reduction using global mode sub-

spaces is readdressed by focusing on an alternative projection approach, which
is optimal with regard to the spatial actuator structure.

2 FLOW CONFIGURATION AND NUMERICAL
MODEL

The §ow geometry considered herein is 0 ≤ x ≤ L, η(x) ≤ y ≤ H , with η(x) the
lower boundary containing a bump with height h. The same geometry has been
used in [5, 12] and the basic §ow state exhibits an elongated recirculation bubble
at the rear of the bump depicted in Fig. 1 for a bump height h = 2. This §ow
state has been computed as a nonlinear equilibrium solution of the stationary
Navier�Stokes system

f(u, p,Re) =

[
−(u · ∇)u−∇p+ 1

Re
∇2u ; ∇ · u

]
= 0 ,

for the §ow velocity u = (u, v) and pressure p. The domain length is L = 300
which has been shown in [5] to be large enough to avoid the in§uence of the
out§ow boundary on the §ow dynamics. The domain height is H = 30 and
it proved suitable to recover uniform §ow consistent with the upper boundary
condition u = (1, 0). The Reynolds number Re = δ∗U∞/ν is based on the dis-
placement thickness of the Blasius pro¦le (U(y), 0) which is imposed at in§ow
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Figure 1 Streamlines in the vicinity of the wall boundary of steady §ow state at
R = 590 and for a bump height h = 2

and at out§ow homogeneous Neumann boundary conditions for the §ow velocity
¦eld u are prescribed. The system has been discretized using Chebyshev collo-
cation in both the streamwise x direction and wall-normal y direction, together
with an algebraic mapping transforming the physical domain into the Cartesian
computational domain [−1, 1] × [−1, 1]. To recover a steady equilibrium state,
a quasi-Newton method together with an arclength continuation procedure has
been used. Details about the solution procedure are provided in [5].
In the following, it is denoted A(us,Re) = D(u,p)f(us, ps,Re) the Jacobian

matrix evaluated at basic equilibrium states (us, ps). The dynamics of linear
disturbances is, hence, governed by the system

E
d

dt
q = A(us,Re)q, Eq = (u, v, 0) , (1)

with q = (u, v, p) the linear §ow disturbance. The pressure is given implicitly
through the incompressibility condition which is imposed in the interior domain
as well as on the boundary. Spurious pressure modes which are inherent when a
Chebyshev discretization is used in a rectangular box [13] are eliminated through
simple algebraic relations, similar to the procedure outlined in [14]. The matrix
A(us,Re) is, hence, nonsingular and E being the projection of the solution
vector q onto the perturbation §ow velocity components, system (1) may be
integrated using multistep backward di¨erentiation formulae (BDF), which are
appropriate for the time-integration of di¨erential-algebraic systems [15].
The stability of the basic steady state (us, ps) is computed by considering the

two-dimensional temporal modes q = q̂(x, y) e−iωt, q̂ = (û, v̂, p̂), and, hence,
according to (1), the eigenvalues ωj and eigenvectors q̂j are solution of

−iωjEq̂j = Aq̂j (2)

with A the Jacobian matrix (the reference to the basis state us and Reynolds
number is omitted). The resulting large eigenvalue problem is solved using large-
scale Krylov subspace projections together with the Arnoldi algorithm and the
stability for the recirculation bubble has been assessed in [5].
A grid with Nx = 200 collocation points in x and Ny = 30 collocation points

in y is considered, which has proved in [5] to be su©cient to describe the insta-
bility dynamics. The Reynolds number is Re = 590, for a bump height h = 2,
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which is slightly above the threshold for the global dynamics analyzed in [5].
This latter work allowed to interpret the low-frequency oscillations of the recir-
culation bubble, which had been observed in direct numerical simulations [12], in
terms of interaction of global modes. Here, the goal is to evaluate the possibility
of feedback control of the underlying global instability dynamics.

Control, Estimation, and Modal Decomposition

Given the degrees of freedom of real full §ow states, only a partial-state control
approach is feasible in general and, hence, the §ow state has to be estimated.

A control device has to be designed

Figure 2 Actuator: (a) streamwise com-
ponent Bx and (b) wall-normal compo-
nent By

which e©ciently acts on the §ow dy-
namics and sensors are implemented
to measure signi¦cant §ow quanti-
ties. In the present work, which aims
at reassessing model reduction using
global modes rather than providing
realistic §ow control, a divergence-
free spatially localized volume force
B = (Bx, By) has been chosen as ac-
tuator. The actuator has a Gaussian
envelope and the two components are
shown in Fig. 2.
The §ow is sensored by skin-

friction measurements at several lo-
cations along the plate, starting approximately at the center of the steady §ow
recirculation bubble end extending to the out§ow region of the computational
domain. The measurements are collected in a vector y with components

yi =

xi+–x∫

xi

∂u

∂y
(x, 0) dx , i = 1, · · · , 6

where –x = 20 and x1 = 60, x2 = 100, x3 = 140, x4 = 180, x5 = 220, x6 = 260.
In the absence of the full knowledge of the state vector q, a state estimate qe

is introduced, which mimics the unknown state vector: it is governed by the same
dynamics, forced by the same control, but also forced by a restoring term L(ye
− y) for the real measurements to be followed as exactly as possible. The optimal
choice of this restoring estimator gain L as detailed below is also called Kalman
¦lter [16]. In essence, the estimator receives the measurements, determines the
estimated §ow which is fed back by the controller. Adding the actuator B to
system (1) and introducing a measurement operator C, the coupling with the
estimator and the controller gives rise to the system
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E
d

dt
q = Aq+Bφ, y = Cq ; (3)

E
d

dt
qe = Aqe +Beφ+ L(ye − y) , ye = Cqe, φ =Kqe . (4)

The operatorsK and L are called control gain and estimation gain, respectively.
For the derivation of this setting and, more generally, for the application of linear
systems approach to §ow control, see the review [6] and the references therein.
The dimension of the dynamical system (4), called the compensator, should

be as low as possible to provide immediate feedback control φ when receiving
the §ow measurement y. Focusing on model reduction using global modes, the
actuator Be is sought for as the expansion of the physical actuator B into a set
of eigenvectors, solution of the generalized matrix eigenvalue problem (2). The
operators being real, the eigenvectors are complex conjugate pairs and

Be = E

m∑

i=1

(
βjq̂j + �βj �̂qj

)
(5)

(the variables with the bar being the complex conjugate) with q̂j solutions of (2).
The operator Be may equivalently be written in the real vectorspace

Be = EVb̂, with V =
(
q̂1r q̂1i · · · q̂mr q̂mi

)
, (6)

the n = 2m columns of the matrix V being the real parts q̂jr and imaginary
parts q̂jr of the eigenvectors (for corresponding eigenvalues λj = −iωj with
nonzero imaginary parts). Expanding the estimated §ow state in terms of the
eigenvectors qe = Vx̂, the compensator (4) is written as the n-dimensional
system

d

dt
x̂ = ˜x̂+ b̂φ+ L̂(ye − y) , ye = Ĉx̂ , φ = K̂x̂ (7)

where Ĉ = CV. The estimation gain and control gain in (4) are related to the

corresponding operators in (7) through the relations L = VL̂ andK = K̂P. The
operator V is de¦ned in (6) and the expansion coe©cients x̂ of qe = Vx̂ may
be written x̂ = Pqe for some operator P, by making use of the bi-orthogonal
property.
Assuming ye = y in (7), which corresponds to the so-called full information

control, the gain matrix K̂ is computed by solving an algebraic Riccati equation,
associated with the minimization of the functional (for time-horizon T → ∞)

J = 1
2

T∫

0

x̂TVTWVx̂ dt+
l2

2

T∫

0

φ2 dt .
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The ¦rst term of the right-hand side is the projected §ow energy, with W a
diagonal matrix with the appropriate weights for the numerical quadrature of
the integral

∫
(u2+v2) dxdy in the §ow domain and the parameter l2 puts a bound

on the control φ. Subtracting (4) from (3) and assuming that the error between

the real and the projected actuator B̃ = B − Be ≈ 0, L̂ is again computed as
a feedback gain matrix minimizing the energy of the projected state estimation
error. The procedure is outlined in the review [6] and it has been used in [8, 9,
17], among others. In this whole section, the only requirement was to decompose
all vectors on an invariant subspace, but the choice of the direction of projection
(either orthogonal or oblique) remains open.

3 BI-ORTHOGONAL AND LEAST-SQUARE
PROJECTION

Performing several shifts in the Arnoldi algorithm (cf. [18]), a large part of the
spectrum has been computed with 900 modes in the complex half plane ωr > 0
which are depicted in Fig. 3. There are unstable eigenvalues with ωi > 0 and
the associated dynamics has been addressed in [5]. The conventional projection
procedure for nonnormal problems uses the bi-orthogonal property 〈q̂+k ,Eq̂j〉
= δkj with respect to the Hermitian inner product, the adjoint modes �q

+
k being

solution of the generalized eigenvalue problem

iωkEq̂
+
k = A

T q̂+k

of the adjoint system with AT merely the transposed discretized operator. The
most unstable eigenmode, labelled 1 in Fig. 3 is depicted in Fig. 4a whereas

Figure 3 Spectrum in the half plane ωr > 0 with m = 900 eigenvalues
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Figure 4 Streamwise components of
the most unstable eigenmode (labeled 1
in Fig. 3) (a) and of the associated ad-
joint eigenfunction (b)

Figure 5 Streamwise component Bx of
the projected actuator: (a) bi-orthogonal
projection, m = 900; and (b) least-square
projection, mu = 13, ms = 887

the associated adjoint eigenvector structure is given in Fig. 4b. As discussed,
for instance in [19], the clear separation in space between the direct and adjoint
eigenfunction is associated with the strong streamwise nonnormality.

Using the bi-orthogonal property, the coe©cients in the expansion (5) can
by computed (or, equivalently, the n = 2m coe©cients in the projection (6)).
The projected operator Be with m = 900 is shown in Fig. 5a. While the vol-
ume forcing structure nearby the bump is reasonably reproduced (cf. Fig. 2),
the projected operator is far from being localized, given its structure extending
downstream. This re§ects the strong nonnormality, the adjoint modes localized
upstream providing nonzero inner-products with the actuator, whereas the as-
sociated dominant direct modes are located downstream the bump. The error
between the real and the reduced actuator appears to be a major di©culty in
this a priori model reduction approach, contrary to the input�output analysis for
§ow control based on observability and controllability operators. In this latter
approach, which has recently been applied, for instance, to the control of channel
§ow in [7] or the §at-plate boundary layer in [8], the actuator B enters directly
into the construction of the so-called balanced modes used for reduction.

Combined Bi-Orthogonal and Least Squares Projection

In order to minimize the error B̃ between the real and the projected actuator,
a least-square procedure is proposed as follows. The matrix V in (6) contains
the real and imaginary parts of the set of eigenvectors and the block with the
mu unstable eigenvectors are separated from the block containing the ms stable
ones, by writing

V =
(
Vu Vs

)
.
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To avoid that the projection error triggers a global instability dynamics, the pro-
jection of B on the unstable eigenvectors is ¦rst performed by bi-orthogonality,
giving rise to

Bu = EVub̂u

(note that in the present case, mu = 13). Writing

Be = Bu +Bs , (8)

the projection on the stable part of the spectrum Bs = Vsb̂s is computed as
solution of the least-square projection with

||Vsb̂s − (B−Bu)||2 = min
ŷ

||Vsŷ − (B−Bu)||2

(with ||g||2 = gTWg the discrete version of the domain integral
∫
(g2x+ g

2
y) dxdy

for a volume function g = (gx, gy)).

With the decomposition (8), the projection error is orthogonal to the set of
stable eigenmodes for the modal subspace considered and it has no contribution
with respect to the unstable eigenmodes. This projection procedure gives rise to
Be depicted in Fig. 5b and the actuator is seen to be very close to the physical
one.

The projection has been performed consideringm = 900 complex eigenvectors
and the associated reduced system in the real vectorspace (7) is of dimension
n = 2m = 1800. Note that the full state system, that is, the di¨erential-algebraic
system (1), is of dimension 18,000 for the discretization considered here. The
dimension of the reduced system is far from being optimized and some criterion
has to be applied to assess the amount of information contained in the modes,
with regard to the control issue. This point has been addressed, for instance,
in [8, 10]. The idea is to quantify the output y = Cq for harmonic actuation
inputs φ = eiωt for the (complex) system

E
d

dt
q = Aq+Bje

iωt

and, consequently, y = C (iωE−A)−1Bjeiωt, with Bj = βjE�qj the component
of the projected actuator with respect to the eigenvector qj . It may be shown
(see [8]) that

|y| ≤ |Cj ||βj |
|Re(λj)|

= •j , (9)

with Cj = Cq̂j the skin friction measurements of the global mode and λj = −iωj
are the eigenvalues. The quantity •j is convenient to provide the hierarchy of
the modes with respect to controllability and observability.
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4 CONTROL RESULTS

Putting together the plant (3) and the compensator (7), one recovers the system

E
d

dt
q = Aq+Bφ , y = Cq ;

d

dt
x̂ =

(
˜+ b̂K̂+ L̂Ĉ

)
x̂− L̂y ;

φ = K̂x̂ .

The double-projection as exposed in the previous section has been performed for
the actuator B depicted in Fig. 2, that is the bi-orthogonal projection for the
unstable modes followed by the least-square projection on the stable modes, for
the set of m = 900 eigenvectors (with eigenvalues ωr > 0 depicted in Fig. 3)

giving rise to a real vector b̂ of dimension 1800. Then, the selection criterion has
been applied to select the components for decreasing •j de¦ned in (9). According
to this criterion, estimators (that is, the corresponding control and estimation
gains) have been computed with dimensions 1200, 400, and 100.

As initial perturbation of the §ow, a volume force of Gaussian-type, similar
to the actuator structure but localized upstream of the bump near the entry of
the §ow domain, has been applied at t = 0. The solid line in Fig. 6 shows the
uncontrolled §ow dynamics exhibiting a strong transient energy growth followed
by the beating behavior which has been analyzed in [5] in terms of the interac-
tion between the global unstable modes. The §ow structure is shown in Fig. 7 at

Figure 6 Flow energy (normalized by E(0)) as function of time: 1 ¡ uncontrolled
case; 2 ¡ control, estimator of dimension 1200; 3 ¡ estimator of dimension 400; and
4 ¡ estimator of dimension 100

479



PROGRESS IN FLIGHT PHYSICS

Figure 7 Streamwise velocity component of the uncontrolled §ow at t = 350 (a),
485 (b), and 550 (c). The vertical line shows the location of the reattachment point of
the basic §ow recirculation bubble. The amplitude of the perturbation is normalized
for each snapshot

t = 350, 485, and 550, illustrating the periodic (with period T ≈ 200) regenera-
tion of the perturbation within the recirculation bubble.

The control is shown to have no impact on the transient energy growth up
to t = 200. Indeed, the controller can start to act only after the initial dis-
turbance (localized upstream) has reached the ¦rst sensor, the ¦rst skin-friction
measurement starting at x = 60. Then, up to a time of t ≈ 700, the controllers
act similarly, regardless of their dimensions. The long-time behavior is, however,
di¨erent, the feedback with the estimator of dimension 1200 leading to vanish-
ing §ow. The estimator of dimension 400 appears to be su©ciently reliable to

Figure 8 Streamwise velocity component of the controlled §ow at t = 350 (a) and
550 (b). The amplitude of the perturbation is normalized for each snapshot
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stabilize the §ow, whereas the dimension 100 is too low to prevent an onset of
small energy increase for t > 1500. The controlled §ow structure is shown in
Fig. 8, for the control with the estimator of dimension 1200. Clearly, the control
prevents the regeneration of the perturbation which is washed downstream and
eventually vanishes.

5 CONCLUDING REMARKS

When adopting a dynamical system approach for §ow control, the global modes
appear naturally as a possible projection basis for model reduction. While these
modes reproduce the instability physics, they may, however, not be e©cient from
the input-output viewpoint of system theory which uses the controllability and
observability operators. In this latter case, the actuator designed to control the
§ow as well as the sensor operator are part of the formulation, which, however,
relies on the time-history of the dynamics. In the a priori model reduction
using global modes, one critical issue is here shown to be the error between the
real and the projected actuator. For the §ow estimation to be reliable, this
error must not trigger global instabilities and it should be as small as possible.
For a given set of eigenmodes, this can be achieved by successively applying a
bi-orthogonal projection with respect to the unstable global modes and a least-
square projection on the subspace formed by the stable modes. An input�output
kind of selection criterion based on the output for harmonic actuation inputs
can subsequently be applied to optimize the dimension of the reduced-order
compensator. The reliability of this approach has been tested, by coupling the
compensator to the large-scale di¨erential-algebraic system for the instability
dynamics of a separation bubble. Fairly low-dimensional controllers, with few
hundreds of degrees of freedom, successfully control the unstable §ow dynamics.
Note that for the present §ow case, conventional bi-orthogonal projection (used
in [9] for the control of a shallow cavity §ow) necessitates a compensator of
dimension twice as high to achieve equivalent control performance, as shown
in [20].
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