
PROPAGATION OF DISTURBANCE
IN BOUNDARY LAYER ON PLANAR DELTA WING

IN THE STRONG INTERACTION REGIME

G.N. Dudin

Moscow Institute of Physics and Technology (State University)
Moscow, Russia

The §ow past a planar delta wing is studied for strong interaction be-
tween the boundary layer and the outer supersonic §ow. The disturbance
propagation in the laminar boundary layer is investigated. The charac-
teristic surface associated with induced pressure is found. The results of
the theoretical and numerical analysis of disturbance propagation under
changes of the relevant parameters of the problem for three-dimensional
(3D) §ows are presented.

1 FORMULATION OF THE PROBLEM

There will be considered the distinctive features of disturbance propagation and
the formulation of the boundary value problem for the boundary layer on a plane
delta wing in the case in which the interaction with the outer hypersonic §ow is
strong under the following conditions:

M∞ → ∞ , Re0 → ∞ , M∞δ → ∞ .

Here, M∞ is the Mach number of the undisturbed inviscid §ow; Re0 = ρ∞u∞l/µ0
is the Reynolds number; and δ = (s/Re0)

1/4 is the dimensionless boundary layer
thickness. The parameter s = tg ω0 characterizing the transverse-to-longitudinal
wing size ratio is of the order O(1). The angle ω0 is the angle which the leading
edge makes with the oncoming §ow. The results obtained make it possible to
draw some interesting conclusions concerning the general 3D §ow. A Cartesian
coordinate system with origin at the wing nose, the x∗l-axis aligned with the axis
of symmetry of the wing, the z∗sl-axis normal to the former and lying in the
wing plane, and the y∗δl-axis normal to the x∗z∗ plane are introduced (Fig. 1).
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Figure 1 Cartesian coordinate system

The velocity components uu∞, v
∗u∞δ/s0, and wu∞ are directed along the

x∗, y∗, and z∗ axes, respectively. The time, density, pressure, total enthalpy,
boundary layer thickness, and viscosity are tl/u∞, ρ

∗δ2ρ∞, p
∗δ2ρ∞u

2
∞, gu

2
∞/2,

δlδ∗e , and µµ0, where the subscript ∞ refers to the dimensional parameters of
the oncoming §ow and µ0 is the dynamic viscosity determined at the stagnation
temperature. It is assumed that the gas is thermodynamically perfect and char-
acterized by a constant speci¦c heat ratio γ. The Reynolds number is high but
not higher than the critical value corresponding to laminar�turbulent transition.
In accordance with the theory of strong interaction, the disturbed §ow region

can be divided into two subdomains, namely, the shock layer I and the boundary
layer II. In subdomain I, the approximate equation is used:

p∗ =
γ + 1

2

(
∂δ∗e
∂x∗
+
∂δ∗e
∂t

)2

which represents the generalization of the tangent wedge formula to the time-
dependent case [1]. In subdomain II, there is a system of equations for a time-
dependent 3D boundary layer [2]. For taking account for the singular behavior
of the unknown functions in the vicinity of the delta wing vertex and the leading
edges, the similarity variables [2] and the Dorodnitsyn variables are introduced:

λ =
y∗∫
0

ρ∗ dy∗ ; v∗δ = ρ
∗v∗ + s

∂λ

∂t
+ w

∂λ

∂z∗
+ su

∂λ

∂x∗
;

u =
∂F

∂λ
; w =

∂�

∂λ
;

x∗ = x; z∗ = xz ; λ = x1/4

√
2γ

γ − 1
(
1− z2

)1/2
η ;

F =

√
2γ

γ − 1 x
1/4— ; � =

√
2γ

γ − 1 x
1/4N ;

p∗ = x−1/2(1− z2)−1/2p ; ρ∗ = x−1/2ρ ; δ∗e = x
3/4(1− z2)3/4δe .





(1)
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Rewriting the system of dimensionless boundary layer equations and bound-
ary conditions in terms (1) yields:

A0
∂u

∂t
+A1

∂u

∂x
+A2

∂u

∂z
+ v

∂u

∂η
= −γ − 1

2γp
sG

[
(1− z2)

(
x

p

∂p

∂x
− 1
2

)

− z

(
z +
1− z2

p

∂p

∂x

)]
+
∂2u

∂η2
;

A0
∂w

∂t
+A1

∂w

∂x
+A2

∂w

∂z
+ v

∂w

∂η

= −γ − 1
2γp

G

(
z +
1− z2

p

∂p

∂z

)
+
∂2w

∂η2
;

A0
∂g

∂t
+A1

∂g

∂x
+A2

∂g

∂z
+ v

∂g

∂η
=
γ − 1
γp2

sx(1 − z2)G
∂p

∂t

+
∂

∂η

[
1

σ

∂g

∂η
− 1− σ

σ

∂(u2 + w2)

∂η

]
;

v = − (1− z2)3/4

p

[
s

(
1

4
— + x

∂—

∂x
− z

∂—

∂z

)
+
∂N

∂z

]
;

δe =

√
γ − 1√
2γ p

∞∫

0

Gdη ;

p =
γ + 1

2

[
3

4
(1 + z2)δe + x(1 − z2)

(
∂δe
∂x
+
∂δe
∂t

)
− z(1− z2)

∂δe
∂z

]2





(2)

where

u = (1− z2)−1/4
∂—

∂η
; w = (1− z2)−1/4

∂N

∂η
; G = g − u2 − w2 ;

A0 = sxp
−1(1− z2) ; A1 = A0u ; A2 = (w − suz)p−1(1 − z2) .

One may note that in the boundary layer approximation, the equation for the
normal momentum component is degenerated; hence follows that the functions p
are independent of the coordinate η. It is assumed that the viscosity�temperature
dependence is linear and σ is the Prandtl number. The solution of this system
must satisfy the boundary conditions at the surface and the outer edge of the
boundary layer:

η = 0 : u = w = F = � = 0 , g = gw ;

η → ∞ : u→ 1 , w → 0 , g → 1 .
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2 DETERMINING CHARACTERISTICS SURFACES
IN TIME-DEPENDENT THREE-DIMENSIONAL
FLOWS

According [3, 4], the characteristic surfaces are cylindrical surfaces normal to the
body surface. A characteristic surface f(x, z, t) = 0 associated with a function
p(x, z, t) is a surface on which some initial data are proposed and the derivative
∂p/∂f is not determined. The procedure used below is applicable only under
conditions in which the pressure distribution in the boundary layer equations
is not known beforehand and is determined in the process of solution. For this
purpose, the system must involve the additional interaction condition and the
additional boundary conditions. After introduction of new variables x, z, η, t
→ f(x, z, t), z, η, t, the boundary value problem takes the form:

A
∂u

∂f
+A0

∂u

∂t
+A2

∂u

∂z
+ v

∂u

∂η

= −γ − 1
2γp2

(1− z2)sG

(
x
∂f

∂x
− z

∂f

∂z

)
∂p

∂f

+
γ − 1
2γp

sG

(
1

2
(1 + z2) + z

1− z2

p

∂p

∂z

)
+
∂2u

∂η2
;

A
∂w

∂f
+A0

∂w

∂t
+A2

∂w

∂z
+ v

∂w

∂η

= −γ − 1
2γp2

(1− z2)G
∂f

∂z

∂p

∂f
− γ − 1
2γp

G

(
z +
1− z2

p

∂p

∂z

)
+
∂2w

∂η2
;

A
∂g

∂f
+A0

∂g

∂t
+ A2

∂g

∂z
+ v

∂g

∂η

=
γ − 1
γp2

(1− z2)xsG
∂f

∂t

∂p

∂f
+
γ − 1
γp2

(1− z2)xsG
∂p

∂t

+
∂

∂η

[
1

σ

∂g

∂η
− 1− σ

σ

∂(u2 + w2)

∂η

]
;

v = − (1− z2)3/4

p

[
1

4
s—+ s

(
x
∂f

∂x
− z

∂f

∂z

)
∂—

∂f

− sz
∂—

∂x
+
∂N

∂z
+
∂f

∂z

∂N

∂f

]
;

p =
γ + 1

2

[
3

4
(1 + z2)δe + (1− z2)

(
x
∂δe
∂t

− z
∂δe
∂z

)

+ (1− z2)

[
x

(
∂f

∂x
+
∂f

∂t

)
− z

∂f

∂z

]
∂δe
∂f

]2
;

δe =

√
γ − 1√
2γ p

∞∫

0

Gdη ; A = A0
∂f

∂t
+A1

∂f

∂x
+A2

∂f

∂z
.





(3)
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Using the de¦nition of the boundary layer displacement thickness, the deriva-
tive on the right-hand side of equation can be expressed as follows:

∂δe
∂f
=

√
γ − 1
2γ

1

p




∞∫

0

∂G

∂f
dη − 1

p

∂p

∂f

∞∫

0

Gdη


 .

For determining the derivative ∂δe/∂f , the system of equations is transformed
into a single equation for the function

R = s

(
x
∂f

∂x
− z

∂f

∂z

)
∂—

∂f
+
∂f

∂z

∂N

∂f
.

Summing the ¦rst equation from system (3) multiplied by s(x∂f/∂x− z∂f/∂z)
and the second equation from system (3) multiplied by ∂f/∂z, one obtains the
following equation:

Q
∂R

∂η
−R

∂Q

∂η
+ EG

∂p

∂f
= C (4)

where

Q = sx

(
∂f

∂t
+ u

∂f

∂x

)
+ (w − suz)

∂f

∂z
;

E =
γ − 1
2γp

(1 − z2)1/4

[
s2
(
x
∂f

∂x
− z

∂f

∂z

)2
+

(
∂f

∂z

)2]
;

C = (1− z2)−3/4p

[
s

(
x
∂f

∂x
− z

∂f

∂z

)(
L2 − L3 − L4

∂u

∂η

)

+
∂f

∂z

(
M2 −M3 − L4

∂w

∂η

)]
;

L2 = s
γ − 1
4γp

G

(
1 + z2 + 2z

1− z2

p

∂p

∂z

)
+
∂2u

∂η2
;

L3 =
1− z2

p

[
sx
∂u

∂t
+ (w − suz)

∂u

∂z

]
;

L4 = − (1− z2)3/4

p

(
s

4
—− sz

∂—

∂z
+
∂N

∂z

)
;

M2 = −γ − 1
2γp

G

(
z +
1− z2

p

∂p

∂z

)
+
∂2w

∂η2
;

M3 =
1− z2

p

[
sx
∂w

∂t
+ (w − suz)

∂w

∂z

]
.

83



PROGRESS IN FLIGHT PHYSICS

Equation (4) has the following solution:

R = −EQ∂p
∂f

η∫

0

G

Q2
dη +Q

η∫

0

C

Q2
dη

which yields the following expressions for the derivatives ∂u/∂f , ∂w/∂f , and
∂g/∂f from system (3):

∂u

∂f
=
(1− z2)−1/4

Q




 p

(1 − z2)3/4
L1 − EQ

∂u

∂η

η∫

0

G

Q2
dη


 ∂p

∂f

+
∂u

∂η
Q

η∫

0

C

Q2
dη + L5



 ;

∂w

∂f
=
(1− z2)−1/4

Q







 p

(1− z2)3/4
M1 − EQ

∂w

∂η

η∫

0

G

Q2
dη



 ∂p

∂f

+
∂w

∂η
Q

η∫

0

C

Q2
dη +M5


 ;

∂g

∂f
=
(1− z2)−1/4

Q







 p

(1− z2)3/4
K1 − EQ

∂g

∂η

η∫

0

G

Q2
dη



 ∂p

∂f

+
∂g

∂η
Q

η∫

0

C

Q2
dη +K5









(5)

where

L1 = −γ − 1
2γp2

s(1− z2)G

(
x
∂f

∂x
− z

∂f

∂z

)
; M1 = −γ − 1

2γp2
(1 − z2)G

∂f

∂z
;

K1 =
γ − 1
γp2

sx(1− z2)G
∂f

∂t
;

K2 =
γ − 1
γp2

(1− z2)xsG
∂p

∂t
+

∂

∂η

[
1

σ

∂g

∂η
− 1− σ

σ

∂(u2 + w2)

∂η

]
;

K3 = sx
1 − z2

p

∂g

∂t
+ (w − suz)

1− z2

p

∂g

∂z
;

K5 =

(
K2 −K3 − L4

∂g

∂η

)
p

(1− z2)3/4
;
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L5 =

(
L2 − L3 − L4

∂u

∂η

)
p

(1− z2)3/4
;

M5 =

(
M2 −M3 − L4

∂w

∂η

)
p

(1− z2)3/4
.

Using expressions (5), the following integral is calculated:

∞∫

0

∂G

∂f
dη =

∞∫

0

(
∂g

∂f
− 2u∂u

∂f
− 2w∂w

∂f

)
dη

taking into to acount that

∞∫

0

∂G

∂η




η∫

0

G

Q2
dη


 dη = −

∞∫

0

G2

Q2
dη .

Finally, the expression for the derivative of the induced pressure in the direc-
tion perpendicular to the characteristic surface is obtained:

∂p

∂f
=
p

I

[√
2p

γ + 1
− 3
4

(
1 + z2

)
δe − (1− z2)

(
x
∂δe
∂t

− z
∂δe
∂z

)

− I2

√
γ − 1
2γ

1− z2

p

(
x

(
∂f

∂x
+
∂f

∂t

)
− z

∂f

∂z

)]
;

I = N(1− z2)

√
γ − 1
2γ

[
x

(
∂f

∂x
+
∂f

∂t

)
− z

∂f

∂z

]
;

N =
γ − 1
2

[
s20

(
x
∂f

∂x
− z

∂f

∂z

)2
+

(
∂f

∂z

)2]

×
∞∫

0

G2dη

[s0x∂f/∂t+ s0u(x∂f/∂x− z∂f/∂z) + w∂f/∂z]
2 −

∞∫

0

Gdη .





(6)

Returning to variables (x∗, λ, z∗, t) and introduction of the characteristic sur-
face displacement velocity

a = − 1√
B

∂f

∂t
; B =

(
∂f

∂x∗

)2
+

(
∂f

s∂z∗

)2
;

ax∗ = a cosω = − 1
B1

∂f

∂x∗
∂f

∂t
; az∗ = a sinω = − 1

B1s

∂f

∂z∗
∂f

∂t

where ω is the angle between the 0x axis and the disturbance propagation direc-
tion in the xz plane, the expression for N in (6) takes the form:

N =
γ − 1
2

∞∫

0

(g − u2 − w2)2dη

(a− u cosω − w sinω)2
−

∞∫

0

(g − u2 − w2) dη .
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The characteristic surface f(x, z, t) = 0 is determined by the conditionN = 0.
This equation determines the mean velocity of disturbance propagation if the
velocity and enthalpy pro¦les are known. Thus, if the surface f(x, z, t) = 0
exists, then it divides the §ow into regions in which disturbances can and cannot
travel upstream. In particular case, this condition gives an expression from [5�7].

3 RESULTS OF THE NUMERICAL ANALYSIS

For determining the disturbance propagation velocity, it is necessary to know
the velocity and enthalpy pro¦les in the boundary layer. These pro¦les can
be found by solving stationary 3D boundary-layer Eqs. (2). The self-similar
solution of equations for s = 1, γ = 1.4, and σ = 1 was used for determining
the vector ~a = (ax∗ , az∗) as a function of the temperature factor gw. In this
work, the radiation pattern of the disturbance propagation velocities is de¦ned
for gw = 0.05, 0.1, 0.2, 0.3, 0.4 and di¨erent z. Figure 2 presents the plots of the
velocities of the upstream disturbance propagation for z = 0, ω = 180◦ on the
parameter ranges gw ∈ [0.05, 0.4]. An increase of gw leads to essential increase
of the disturbance propagation velocity.

In Fig. 3, the velocities of the upstream disturbance propagation on the
coordinate z are plotted.

In Fig. 4, the radiation pattern of the disturbance propagation velocities is
presented for z = 0.

In Fig. 5, the radiation patterns of the disturbance propagation velocities are
presented for gw = 0.05 and 0.4.

Figure 2 Velocity of the upstream
disturbance propagation for z = 0 and
ω = 180◦

Figure 3 Velocity of the upstream
disturbance propagation on the coordo-
nate z: 1 ¡ gw = 0.05; 2 ¡ 0.1; 3 ¡
0.2; 4 ¡ 0.3; and 5 ¡ gw = 0.4
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Figure 4 Radiation pattern of the disturbance propagation velocities; z = 0: 1 ¡
gw = 0.05; and 2 ¡ gw = 0.4

Figure 5 Radiation patterns of the disturbance propagation velocities for gw =
0.05 (a) and 0.4 (b): 1 ¡ z = 0; and 2 ¡ z = −0.9

Qualitatively, the radiation patterns (see Figs. 4 and 5) are similar to the
radiation pattern obtained for a semiin¦nite plate for yaw angle [7].
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